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Abstract

In this thesis we study the long-time dynamics of a class of Kirchhoff-type partial differen-
tial equations, which provide fundamental examples of quasilinear Hamiltonian PDEs with
nonlocal nonlinearities.

In the first part of the thesis we focus on a special Kirchhoff equation introduced by Po-
hozaev, for which global-in-time existence is known to hold for sufficiently regular initial
data. Our goal is to understand this phenomenon from a dynamical systems perspective. To
this end, we perform a quasilinear normal form reduction of the associated vector field and
analyze the structure of the resonant terms at low orders. We show that all resonant interac-
tions up to a relatively high degree are ineffective in producing growth of Sobolev norms. As a
consequence, we obtain long-time stability results for small-amplitude solutions and improved
lower bounds on their lifespan.

In order to further investigate the dynamical properties of the equation, we study the
formal Birkhoff normal form of the corresponding Hamiltonian. By means of an algebraic
analysis based on formal power series, we prove that, despite the absence of effective resonances
at low orders, the system fails to be integrable at higher orders due to the presence of nontrivial
resonant terms.

In the second part of the thesis we consider a semilinear Kirchhoff-type equation and
address the existence of small-amplitude almost-periodic solutions. Adopting a dynamical sys-
tems viewpoint, the equation can be interpreted as an infinite chain of coupled harmonic
oscillators. We construct invariant tori supporting almost-periodic solutions by means of a
KAM scheme. Although the linear dispersion relation leads to a delicate small divisor prob-
lem, the special structure of the Kirchhoff nonlinearity allows us to overcome these difhculties.
We prove that, for almost every choice of the external potential, the equation admits infinitely
many weak almost-periodic solutions, among which infinitely many are classical and infinitely
many are non-classical.
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Chapter 1

Introduction

In the last years, a growing interest has been devoted to the study of the long-time dynam-
ics of nonlinear Hamiltonian partial differential equations. These equations naturally arise as
perturbations of linear, completely integrable models and describe a wide range of physical
phenomena.

A central question in this context is to understand whether the integrable structure of the lin-
ear equation persists, at least in an approximate sense, when nonlinear effects are taken into
account, and how this reflects on the long-time behavior of its solutions.

Among the various techniques developed to face this problem, normal form methods play
a fundamental role.

By means of suitable canonical transformations, these techniques allow one to simplify the
structure of the Hamiltonian near an equilibrium, isolating resonant interactions and elimi-
nating non-resonant ones up to a prescribed order.

This strategy has proved extremely effective in finite-dimensional Hamiltonian systems, where
it leads to precise stability results near elliptic equilibria, and it has been progressively extended
to infinite-dimensional settings, in particular to Hamiltonian PDEs.

A particularly complex class of problems is given by quasi-linear Hamiltonian equations, namely
equations whose highest-order derivatives appear linearly, but with coeflicients that depend
on the unknown function or its lower-order derivatives.

In this case, the construction of normal form transformations becomes significantly more del-
icate, due to the appearance of unbounded operators and the possible loss of regularity. As a
consequence, only a few equations are known for which a detailed normal form analysis can
be successfully carried out.

Among these few examples, one finds Kirchhoff-type equations.
In their general form, they can be written as

Oppu — f</ \Vu]2d:):) Au =0, (1.1)

or, more generally, as second-order evolution equations of the form
u”(t) + £((Bu(t), u(t))) Bu(t) =0,

where B is a positive self-adjoint operator and f is strictly positive.
From a pure mathematical point of view, (1.1) is arguably the simplest example of quasilinear
hyperbolic equation, while from the mechanical point of view, these models naturally arise in
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the description of small transversal vibrations of an elastic string (n = 1) or membrane (n = 2).
However, despite their relatively simple appearance, Kirchhoff equations exhibit a highly non-
trivial dynamical behavior, and only in very special cases their long-time dynamics can be
understood in detail.

In particular, this thesis will focus on two different Kirchhoff-type problems:

1
1. In the first part (Chapters and, we will consider the nonlinearity f(y) = T
¢ € R and the corresponding Kirchhoft equation
1 2
Opu — Ay =0. 1.2
e (1+chn|Vu|2d;v> “ (12

Equation has been introduced in 1985 by Pohozaev [81] and, to the best of our
knowledge, it represents the only example of a Kirchhoff-type equation for which global-
in-time existence holds for all solutions in sufficiently regular Sobolev spaces (H*, s > 2).
This property contrasts with the behavior one expects from a quasilinear equation.
Even in the context of generic Kirchhoff equations, for which only local or almost-
global existence results are available, it represents a unique case.

Our aim is to understand the structural reasons behind the global well-posedness prop-
erty of , by investigating its dynamics, from the perspective of normal form theory.
In particular, we aim to clarify how the special nonlinear structure of the equation that
simplifies the possible resonances among Fourier modes influences the long-time be-
havior of solutions. The analysis is carried out by combining rigorous normal form
transformations at the level of the vector field with a complementary algebraic approach
based on the Birkhoff normal form of the associated Hamiltonian.

A key aspect of our study is the identification of resonant and non-resonant terms at
low orders and the analysis of their contribution to the evolution of Sobolev norms.
Surprisingly, we find that all resonant terms up to a relatively high order are ineffec-
tive in producing growth of Sobolev norms. This leads to long-time stability results for
small-amplitude solutions and provides a normal-form-based explanation for the global
existence phenomenon observed for the Kirchhoff equation.

To this aim, the invariance of the Fourier support of solutions, which is a key feature of
the Kirchhoft equations, plays a crucial role both in the rigorous normal form analysis
and in the formal Birkhoff normal form computations, and it enables us to bypass several
technical difhculties typically encountered in quasi-linear problems.

2. The second part of the thesis (Chapter[4) is devoted to the construction of small-amplitude
almost periodic solutions for the semilinear Kirchhoff-type equation

Opu — Au+ W s u(t) + £((Bu(t), u(t))) Bu(t) =0 (1.3)

where f is real analytic near the origin, W is a convolutional potential, A = v/—A and
B is a bounded Fourier multiplier.

Adopting a dynamical systems point of view, equation can be interpreted as an in-
finite chain of harmonic oscillators coupled through the nonlinearity f.

Following the pioneering approach introduced by Bourgain [33] for the quintic nonlin-
ear Schrodinger equation, and later refined and extended by Biasco, Massetti, and Pro-
cesi [24], [23], [25] to nonlinear Schrédinger equations with generic, non-translation-
invariant nonlinearities, the goal is to construct invariant tori supporting almost-periodic
solutions by means of a KAM scheme.

However, this approach strongly relies on the superlinear dispersive relation typical of
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Schrodinger-type equations, and it is not a priori clear whether it can be implemented
for wave-type equations such as .

The key point is that the structural properties inherited from the Kirchhoff nonlinear-
ity make it possible to overcome these difficulties. In particular, it will be shown that,
for almost every choice of the external potential, equation admits infinitely many
small-amplitude weak almost-periodic solutions, among which infinitely many are clas-
sical and infinitely many are non-classical (Sobolev regularity).

1.1 Historical Preface

Equation (1.1) was introduced in 1876 by Kirchhoff [67] in one dimension with Dirichlet
boundary conditions, namely

ugy — £ </ u? dx) Uge =0, u(0,t) = u(m,0)
0

as effective models for the vibrations of elastic structures when one takes into account the
dependence of the tension on the deformation.
Independently, the same equation was rediscovered in 1945 by Carrier [34] and in 1968 by
Narasimha 78], as a nonlinear approximation of the exact model for the stretched string.
During the years, many authors studied the Kirchhoff equation from the point of view of the
Cauchy problem

u(z,0) = up(z), w(z,0)=1vo(x).

The earliest contribution in this direction was the seminal work of Bernstein [18] in 1940 in
which he proved the local well-posedness for Sobolev initial data (ug, vo) € H?> x H' and the
global well-posedness for (ug, vo) analytic.

Following this pioneering work, the study of Kirchhoff-type equations has developed along
several directions, the principal ones concern:

1. Local well-posedness;
2. Global well-posedness;
3. Long-time existence and qualitative dynamical properties of solutions.

While the questions related to the first direction are by now largely understood, with only
a few classical issues still open (we refer to [68] for a comprehensive survey), the second one
still presents several challenging open problems, which, to the best of our knowledge, remain
far from being completely resolved. The third direction, concerning long-time existence
and the qualitative dynamics of solutions, represents instead one of the most active and lively
research areas. It is precisely in this setting that techniques from dynamical systems theory
play a fundamental role, and it is within this framework that the present thesis is placed.

We collect the most important contributions:

1. Local well-posedness
Local existence has been proved in the last century with two opposite sets of assump-
tions.
Sobolev Regularity:
As we mentioned before, under these assumptions the first local existence result was
proved by S. Bernstein [18] and then extended by numerous authors, such as Dickey
[48], Medeiros and Milla Miranda [[74] and Arosio and Panizzi [1].
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All these results, although in different settings, conclude that the Cauchy problem as-

sociated with (1.1) is well posed in the phase space (ug,v9) € H 3 x H? with time of
existence of the order (||ugl|s + [Jvol|1) 2.
2 2

Analytic Regularity:

Local existence under these hypotheses has been proved through several stages of gen-
eralization by Bernstein [18], Pohozaev [80], Arosio and Spagnolo [2], D’Ancona and
Spagnolo [40], and Hirosawa [63]]. In these settings, the minimal assumption on the
nonlinearity f is continuity.

. Global existence:

Global existence for Kirchhoff equations is more challenging. Despite extensive research
efforts, the problem of global-in-time existence for Kirchhoff-type equations remains
open and is still far from being understood in a general setting.

Even on compact domains, where dispersion, scattering and time-decay mechanisms are
not available, there are no results of global existence, nor of finite time blowup, for initial
data with Sobolev, or C*, or Gevrey regularity There are no examples of local-in-time
solutions that blow-up in some sense in finite time. This remains one of the oldest and
most important open questions for Kirchhoff-type equations.

Throughout all these years, a few global existence results have been proved for the Kirch-
hoff; in very special cases. We collect some of them:

Analytic Data:

As mentioned before, problem admits a global solution if both the initial data are
analytic with respect to the space variables (this is true also with external forcing terms).
Given the restrictive hypotheses on the initial data, this case requires rather minimal
assumption on f, which is only required to be continuous and nonnegative.

This result was first proved by Bernstein [18] in the one-dimensional case and then ex-
tended by Pohozaev [80] to problems like in several space dimensions.
Quasi-analytic data:

Nishihara in 1984 [[79] proved global existence for a class of initial data which strictly
contains analytic functions and is strictly contained in the Sobolev class.

The more general assumptions on the initial data, compared to the analytic case, require
in an essential way the Lipschitz continuity and the strict hyperbolicity of the nonlin-
earity.

In this framework, we also mention the work of Ghisi and Gobbino in 2011 [57] that
extended Nishihara’s result.

Special Nonlinearities:

In a completely different direction, S. I. Pohozaev [81]] considered the special case where
the nonlinearity is given by

fly)=(1+cy) % ceR (1.4)

and proved global existence for all initial data in H? x H.

The central point is that, in the case of nonlinearity (and in a certain sense only in
this case), equation admits a second order nonnegative invariant which is constant
(see section[A.1]for more details). From this, it is not difficult to obtain a uniform bound
in time on ||u(t)||2, ||u(t)||1 and the global existence follows in a standard way.

For recent papers explaining this second-order conservation, we refer to the work of
Boiti and Manfrin [29]. Within the same framework, in [30] the authors also identified
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a third-order conservation law for equation (1.2), provided additional regularity is as-
sumed. Furthermore, under similar conditions, they demonstrated in [31] that equation
actually admits conservation laws of all orders..

Dispersive equations

Global existence results have been obtained in the whole space R? or in an external do-
main R\ K for K compact.

In this setting, initial data have Sobolev regularity in the space variables, and satisfy
suitable smallness assumptions and decay conditions at infinity. We refer to [41] [60],
[73],[86] for precise statements.

Spectral-gap data and operators.

Global existence results have been established for spectral gap’ initial data, characterized
by a spectrum containing a sequence of large "holes". Equivalently, such results hold
whenever the eigenvalues of the operator B in form a sufhciently fast-growing
sequence.

We refer to [56]],[58], [70] for exhaustive discussions.

3. Long-time existence and qualitative dynamical properties of solutions
From a dynamical systems approach, several authors have improved lower bounds for the
time of existence of solutions to the Kirchhoff equation and have shown the presence of
recurrent or chaotic behaviors.

In [3]], the existence of periodic solutions for the one-dimensional forced Kirchhoffequa-
tion is proved via the Nash-Moser method, both for periodic and Dirichlet boundary
conditions, exploiting the special structure of the nonlinearity.

Quasi-periodic solutions with small amplitude and Sobolev regularity are constructed
by Montalto in [76] for the one-dimensional forced Kirchhoff equation with periodic
boundary conditions. Related results in higher dimensions are obtained by Montalto
and Corsi in [38]], where stability is not addressed. A reducibility result for the forced
Kirchhoff equation on T" is proved in [77].

In [69], Liu and Xiang establish almost global existence and stability in Sobolev and
Gevrey regularity for the Kirchhoff equation on T! with nonlinearity f(y) = 1 + y.
This result was achieved using the rational normal form techniques developed in [14].
Lower bounds on the lifespan of small-amplitude solutions on T" are obtained by Baldi
and Haus in [[6], improving the bound given by standard local theory. The optimality of
such bounds for general initial data is discussed in [7]. Under additional non-resonance
assumptions on the initial data, longer lifespans are proved in [3].

Finally, in [4], Baldi, Giuliani, Guardia, and Haus construct solutions whose Sobolev
norms exhibit chaotic oscillations over long time scales, a phenomenon referred to as
effective chaos.

1.1.1 Literature on Normal Form Methods For PDEs

Since the analysis carried out in this thesis relies on normal form arguments, we want to recall
some related results in the literature concerning long-time existence for Hamiltonian (semi-
linear and quasilinear) partial differential equations:

1. Semi-Linear Case
The literature on the long-time behavior of semi-linear PDEs has grown significantly,
starting from the seminal developments in Birkhoff normal form theory by Bambusi
[8], Bambusi and Grebére [[13], Delort and Szeftel 46, [47].
These early frameworks laid the groundwork for extending such techniques to reversible
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systems [52] and for analyzing the dynamics on Zoll manifolds, where many founda-
tional insights were first consolidated [[10].

A substantial part of the research has focused on the specific challenges posed by the
Schrédinger equation on the torus T¢. This includes the study of normal forms in fully
resonant regimes [84], as well as stability analyses for specific solutions, such as plane
waves [50] and small finite-gap solutions on T2 [72].

The regularity of the initial data also plays a crucial role. While Faou and Grébert [51]
initially obtained sub-exponential stability times for analytic data on T, these results
were later optimized in the 1D case by Biasco, Massetti, and Procesi [23] via refined
Diophantine conditions. Parallel to this, recent efforts by Bernier and Grébert [16, [17]
have pushed the boundaries of normal form theory into the regime of low-regularity
solutions.

A common thread among many of these results is the reliance on robust lower bounds
for the small divisors. However, the scenario changes when only weak non-resonance
conditions can be satisfied.

In this more restrictive setting, we refer to [53, [15, (65} [43]], as well as to the recent work
of Bambusi, Feola, and Montalto [12]. Their analysis establishes almost global existence
for a wide class of Schrodinger-type equations, even on irrational tori where the small
divisor problem is particularly delicate.

We also mention the work [14], of Bernier and Grébert in which they develop and apply
the rational normal form to general classes of nonlinear Schrédinger equations on the
circle with a nontrivial cubic part and without external parameters.

For results in a more general setting, we refer to the work of Bambusi, Feola, Lan-
gella, and Monzani [[I1]], where an abstract almost global existence result is established
for small, smooth solutions of certain semilinear PDEs on Riemannian manifolds with
globally integrable geodesic flow. More recently, in [9], Bambusi, Grébert, Bernier and
Imekraz proved a global existence result for semilinear Hamiltonian PDEs on generic
compact boundaryless manifolds.

. Quasi-Linear Case

The transition from semi-linear to quasi-linear PDEs introduces a fundamental difhi-
culty:

indeed, when the nonlinearity involves derivatives of the unknown wu, the standard
change of coordinates used in Birkhoft normal form theory becomes unbounded.

An early attempt to address this problem for pure-gravity water waves is due to Craig
and Worfolk [39]. The first fully rigorous results for quasi-linear equations were later
obtained by Delort.

In his studies of the Klein—-Gordon equation, both on the circle [42] and on higher-
dimensional spheres [44], he introduced a paradifferential calculus based on multilinear
maps. These results strongly rely on the special structure of the Klein-Gordon equation,
namely a linear dispersion law (as in and a first-order nonlinearity.

A different approach was subsequently developed for equations with super-linear dis-
persion. This method was first applied to irrotational water waves in [19] and later to
the quasi-linear Schrédinger equation in [54].

The analysis in [19] makes essential use of time reversibility, which limits the long-time
existence result to the invariant subspace of standing waves. More recently, the parad-
ifferential Hamiltonian Birkhoff normal form has become a central tool in the study of
water wave equations. It has been used, for instance, to treat constant vorticity flows
[21] and to prove the Zakharov-Dyachenko conjecture [20].

Building on these ideas, Feola, Montalto, and Terracina [55] have recently proved the
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existence of time quasi-periodic traveling waves for three-dimensional gravity water
waves in finite depth on flat tori.

1.1.2 Hamiltonian Formalism And Fourier Spaces

We now introduce the Hamiltonian formulation of the Kirchhoff equation.

Although Kirchhoff-type equations are often studied from a purely PDE perspective, their
dynamics can be naturally embedded into an infinite-dimensional Hamiltonian framework.
This viewpoint is fundamental to investigate important structural properties of the equation,
such as the presence of conserved quantities and an underlying symplectic structure, and it
provides the natural setting for the application of normal form and dynamical systems tech-
niques.

Let us consider the space of Sobolev regular functions

H(T",C) :={u:T" = C: |jul?:= Z <j>25]uj\2 < 00},
Jezr

where (j) = max{1,|j|} and {u;} ez is the sequence of Fourier coefhicients associated to u:

1 —ij-T
uj = W/Tnu(x)e T T,

k-

In particular, we will identify a function u(z) = » upe™ T with the sequence of its co-
p y keZ ’ q

efhicients.

By adopting the set of variables (u, v) = (u, u;), equation can be decoupled in a sys-

tem of two partial differential equations of order one with respect to time, specifically:

{‘%” - . (1.5)

Ov=r"~ (fﬂl‘" |Vu\2 d:v) Au

By considering the Hamiltonian H : H*(T",R) x H*~}(T",R) — R,

H(u,v) = ;/ 2dz + %F (/T |Vu\2dx) () = /Oy £(s)ds, (1.6)

we also have that system (1.5) can be written in the form

Oru = VyH(u,v)
o = =V, H(u,v)

where V,,H and V, H are the gradients of H with respect to the real scalar product on L?:
(frg) = i f(@)g(x)dz, f, g€ L*(T"R).

In terms of the Fourier expansion of its solution u(t,-) : T" — R, system (1.5) turns into
the (infinite-dimensional) system of ordinary differential equations

iig(t) + £ | D [Pl (01 | kPuk(t) =0, ke Zn, (1.7)
JeEZ™
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parametrized by k € Z".
The equation corresponding to the index k& = 0 has the simpler form

iio(t) = 0.

It is clear that one can decouple the equation for the coefhcient ug, which corresponds to the
spatial mean of u
u(t, x)dx,
mn
from the others.
For this reason, without loss of generality, we can consider equation (1.1) restricted to the

space of zero-mean functions. In particular, we will set our problem in the space of complex
zero-mean Sobolev functions in the x-variable:

1

Hj(T",C) := u(z) = 7(2@”/2

Z upe™ @ uy € C and [|ul|s < oo
kezZ\{0}

and its subspace of real Sobolev functions
H(T"R) :={u € H;(T",C) : uis real},

where

lal2 = > R fuxl

kezm\{0}
Finally, throughout the rest of this thesis, we will denote the open ball of radius r > 0 cenetrd
at the origin of H*(T", C), for s € R, with
B, (H*(T",C)) := {u € H*(T™,C) : |jul|s <r}.

A similar notation will be adopted also for H*(T™,R), H§(T™, C) and H§(T™, R).

1.1.3 Symmetries Of The Kirchhoff Equation

Following the results in [6]], we summarize several fundamental structural properties of the
Kirchhoff equation. While these features are not central to the aim of this chapter, they will
be fundamental for the analysis performed in the next one.

These properties, which are ultimately linked to the special nonlinearity of the Kirchhoft-
type equations i.e. the integral terms, turn out to be very useful when one tries to perform a
Birkhoff normal form algorithm.

(1) First Integrals for the Kirchhoff:
If we consider the Hamiltonian momentum

M = [E(@tu)Vudx, (1.8)

a simple calculation shows that it is conserved by the dynamics generated by the Hamil-
tonian H.
In Fourier coordinates we have that

M =i juj(Ohu_y) = %Zﬂ [45(ru—j) = uj(Druy)].

JEZ JEZ.
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The momentum is hence the sum M = )~ M;, of infinitely many quantities
JEZL

1
M; = ?j [ (Bpu—j — u—; ()],

moreover, thanks to the special structure of the Kirchhoff equation, all of the M are
prime integrals. In fact, one has

1.
OeM; = Sij|uj(Onu—j) — u_;j(Ou;)]

[\]

I
o

(2) Invariance of the Fourier Support:
If (u,uy) is a solution of (1.1) (and of (1.3)), the Fourier support at a given time ¢ is
defined as the set of indices

S(t) ={j € Z" : (u;(t), Oru;(t)) # (0,0)}. (1.9)

Lemma 1.1.1 Let (u,u;) be a solution of with initial data (ug,vo), defined over an
interval of time [0, T, then
S(t) =8(0) Vvtelo,T].

Proof: By looking at (1.7) we have that if ug ; = voj = 0 for some j, then it must holds
u;(t) =0forall t. O

This in particular implies that initial data supported on a finite subset of modes, gives
rise to global-in-time solutions, since in this case, equation (1.1) reduces to a finite di-
mensional Hamiltonian system with analytic Hamiltonian.

1.2 Main Results

We now collect the main results of this thesis:

1.2.1 Quasilinear Normal Form

In Chapter 2| we consider the Cauchy problem associated with the Kirchhoft equation
on the n-dimensional torus T" and with initial data ug := u(0, ), vo := u;(0,-) in Sobolev
class H*(T",R) x H*~!(T",R) and s greater than the regularity threshold given in Theorem
(1.2.1).

Equation was first introduced in the work of Pohozaev [81] and represents, as far as
we know, one of the few examples of Kirchhoft equation for which global-in-time existence
holds for all solutions (see section [A.1]for a detailed proof). The aim of this chapter is to in-
vestigate this property by drawing a parallel with the known results of long-time existence
obtained via normal form theory.

Since this problem is set on the n—dimensional torus, the key step in our study is the analysis
of the resonances:

after reducing equation to a first order system in complex variables

2 =L+ Ni(2) (1.10)

keN
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with £ linear part and N, nonlinear terms of degree k, we seek a transformation, @, that
conjugates system (1.10) to one in Normal Form up to order K, i.e. a system

K
wy = Llw] + ZZk(z) + R>7(2) (1.11)
k=2

for which the vector fields Z;, commute with the linear part.

The main issue in our in our setting is to propagate energy estimates for the remainder terms
of system (1.11), verifying in particular that R>7 is a bounded vector field in H*.

An additional difficulty arises from the quasi-linear structure of , which makes the con-
struction of the normal form map ® more delicate:

ensuring that ® is bounded from a ball of H*(T",R) x H*~!(T", R) around the origin and
close to the identity presents technical challenges that are directly addressed to the presence
of derivatives in the nonlinearity.

In order to overcome this structural difficulties one is forced to perform a preliminary nonlin-
ear transformation to diagonalize the operator at its highest orders. Such a transformation is
achieved by making extensive use of the special nonlinear structure of the Kirchhoff equation,
that on one hand restricts the possible interactions and resonances between the different modes
and, on the other hand, allows one to directly apply tools from the para-differential calculus

to (1.2), simplifying the energy estimates.

The methodologies used to tackle our problem have been developed by Baldi and Haus in
[6], where they studied an analogue problem but with a different aim:
in their work, in fact, they considered the Cauchy problem for the Kirchhoft equation

g — (1 —l—/ \Vu|2dx> Au =0,

with initial data of small amplitude € in Sobolev class with the purpose of improving the lower
bound for the existence time of the solutions, given by the standard local theory.

Their method is deeply inspired by the works of Delort in [42], [45] in which he constructs a
normal form for quasilinear Klein-Gordon equations on the circle. A pivotal role in our anal-
ysis is played by Bony’s paradifferential calculus (see [32], [64] and [75]), a framework based
on a multi-scale decomposition to handle nonlinearities.

A key idea from J-M. Bony is that one can replace (para-linearize) nonlinear expressions,
hence nonlinear equations, by para-differential expressions, up to smoothing remainders (that
are presumed to be harmless in the derivation of estimates).

This decomposition is crucial for treating quasi-linear equations, where the main challenge is
the presence of derivatives in the nonlinear terms. As shown by Delort, by replacing standard
nonlinearities with paradifferential ones, one can perform a paradifferential normal form re-
duction.

Ultimately, this procedure removes problematic non-resonant terms without increasing the
order of the operators, thus avoiding the loss of regularity that typically arises in the quasilin-
ear setting. In this respect, the Kirchhoff equation is particularly well suited to this approach,
since it is already written in a paralinearized form.

Let us consider the Hamiltonian formulation of equation (1.2), namely

{8tu = V,H(u,v)

(1.12)
0w = =V, H(u,v)
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The main result of this chapter is the following:

Theorem 1.2.1 [61)] Forn € N, let

mg = {1 ifn=1 (1.13)

5 ifn>2
For every s > my there exists ar > 0 and a bounded, injective transformation
® : B, (H*(T",R)) x B, (H*(T",R)) — H**2(T",C) x H*"2(T",C)
that con]ugates system fo a system of the form

Oy <;> =X(z2,2) =Di(z,2) + Z3(2,2) + Z5(2,2) + R>7(%, 2)

The vector field Dy is linear. The vector fields Zs, Z5 commute with Dy and contain only terms of
homogeneity 3 and 5, respectively.

Moreover Dy, Z3 and Z5 do not contribute to the energy estimates, namely the Sobolev norms of the
solutions of the truncated System

8t(z, 2) = Dl(z, 2) + ZSG(Z, Z)
are constant. Finally, the vector field R>7 contains only terms of homogeneity > T and is bounded.

Remark 1.2.1 We emphasize that the fact that the remainder R>7 maps H® into itself it is crucial
for performing the energy estimates on the solutions.

Remark 1.2.2 The variation of the regularity threshold mg in (1.13) with respect to the dimension
n, is linked to the fact that the coefficients of the map ® have a’enommators of the form |j| — |k|, for
j, k € Z™{0} (see Remark[2.4.1). While in the one-dimensional case this difference is always greater
than 1, for n > 2 it can accumulate near zero with a lower bound of the form H]| ||| > 1/(|7]+k|)-
This causes the additional loss of half a derivative that occurs in the multidimensional case.

Remark 1.2.3 As anticipated before, the proof of Theorem relies on the techniques developed in
[ 6], [ 7]for a related problem. In these wor/es, however, the construction of such a transformation shows
an analogue integrable behaviour only for the resonant cubic terms, while it fails for the quintic ones.

This is, as will be shown in Section uitimateiy a consequence of the particular noniinearity of

equation .

Theorem yields two dynamical consequences.

1. The works of Dickey [48], Arosio-Panizzi [1]] and Pohozaev [80], guarantee the exis-
tence of the solutions of for initial data in H® x H5! with s > % and provide an
upper bound on the time of existence of order 72, where ¢ denotes the size of the initial
data.

On the other hand, the theorem of Pohozaev [81] ensures existence for all times, only
above the regularity threshold of s = 2.

In this regard, Theorem [1.2.1| provides us an improved lower bound for the case s €
3/2,2):

15



Theorem 1.2.2 There exist universal constants ey, C such that the following holds:
if (uo,v0) € H*(T",R) x H*"Y(T™,R) with s € [3,2) and |uo||s + [|volls—1 < €0, the
equation admits a unique solutionu € C°([0, T], H*(T",R))NC*([0, T}, H*~}(T",R))
with

T ~ (ol + oolls—1)~°

and

max J[u®)ls + 10u(t)lls—1 < C(lluolls + fJvolls—1)- (1.14)
€[0,1]

2. Theorem shows that equation can be transformed into an equation that is in
normal form up to order seven. This means that nonlinear terms up to this order only
produce effective interactions among the modes corresponding to the same Sobolev
weight, namely terms of the form

> jwlf keN

ez ljl=k

These quantities, called superactions, are then constants of motion for the truncated
system.

As a consequence, the dynamics of the transformed equation exhibits long-time stability
and no effective energy transfer occurs at these orders.

As for the original equation, this implies that equation exhibits long-time stability
for small initial data, and that any possible energy transfer or instability mechanism can
only arise from nonlinear effects of order eight or higher:

Corollary 1.2.1 For sufficiently small initial data of size e the dynamics of the superactions
is approximately constant for times of order g6

Remark 1.2.4 In the one-dimensional setting both Theorem and Corollary lead to

Stronger consequences: the superactions reduce, in this case, to the usual actions {\uj\ }jeZ; and
our results translate, respectively, into the integrability of the transformed system up to order six

and the stability ofthe actions over time scales oforder g6,

Given the unexpected properties of the resonant terms highlighted by Theorem
one may conjecture that the resonant terms exhibit the same behaviour at all orders of the
normal form. This would provide strong evidence for the integrability of equation in the
one-dimensional case, and would also imply the conservation in time of the Sobolev norms
of its solutions in all dimensions. In the next chapter, we will continue our calculations at a
formal level, up to the eighth-order Birkhoft normal form, showing that the expectation of
integrability in the above sense fails.

1.2.2 Sketch of the Proof
As discussed previously, is 2 Hamiltonian PDE, in the sense that it can be written in the

form
U VuH
O <U> =J <VUH> : (1.15)

J— <_01 é) (1.16)

16

with



and

1 1 1
H(u,v):/ vidr — — 5 .
2 Jpn 2c \ 1+ c [y, [Vul” d
The main tool in our study is the analysis of the resonant terms of order up to 5 in (1.15).
1.15) in

The strategy consists in performing preliminary changes of variables in order to put {
a more suitable form and then apply a nonlinear normal form transformation.

Diagonalization and Symmetrization:
We start by introducing a set of symmetrized complex coordinates
_ 1 1 1 1 _1
(2,2) = E(ATM + A zu,A2u— A" 20),

where A = v/—=A.
With this change, the linear wave operator becomes diagonal, and system (1.15) becomes

Oz = —ilhz — Lp(Q(z,2) (Az + Az), (117
, 17
Oz = iAZ + 5 (Q(2,2)) (A2 + AZ),
where ) )
pz) = m—la Q(z,2) :§<A(2+2)72+5>a (1.18)
and (-, -) is the standard scalar product on L?(T™, R).
Let us note that is again a Hamiltonian system with Hamiltonian
H:  Hi(TC)x H:(T",C) — R
(1.19)
o 1[G+, 2+ )
H(z2) = A2 = T s+ 9.2+ )

This set of coordinates turns out to be particularly useful for studying the structure of
the resonant terms. In fact, since system (1.17) has the form

o <;> =F(z2) = (2222) ) (1.20)

where the vector field F has the real structure Fy(z,2) = Fi(z, z), one has that the
energy estimates for its solutions yields:

Byl2||? = O (A2, A®3) = 2Re<<A2sz,]-"1(z, z)>). (1.21)

Block Diagonalization:
System (1.17) can be interpreted as a (para-)linear system of the form

o, (2) = iL(z,%) (ﬁ;) , (1.22)

where £(z, z) is a matrix of the form

<£1,1(z, 2) Lia(z Z)> ’



whose entries are multiplicative operators of the form

Lia(on,z2) = —Laa(et,22) = (— 1= 5 (QUar, ) I

(1.23)
Laplon, ) = ~Laa(o1, ) = 54 Qa1 2) 1

When one tries to perform energy estimates on the Sobolev norm ||z, the off-diagonal
unbounded terms cause a loss of half a derivative, in particular

o212 < ell2l =12,

and this is closely related to the quasilinear structure of the problem.

In order to overcome this difficulty, one must perform a nonlinear transformation and
diagonalize, up to bounded remainders, the operator valued matrix L.
This transformation, namely ®®), is bounded from H*(T",C) into itself and has the

form (2.24).

The variables (z, z) are conjugated to a new pair of complex-conjugate variables, namely

(1, 7). In the new coordinates system (1.22) is:

o =—i(1—cQ(n,7m))An— il ;Q(njﬁ)) (A7, Aj) — (An, An)) 7,
(1.24)
ic (1 — cQ(n, 1))

Oy = i (1 —cQ(n, 7)) A —

The advantage of this form is that non-diagonal terms of (1.24) are operators of order
zero, while the diagonal ones, namely those of the form

D) = i1~ Q) (7).

are harmless. Indeed, let us write system (1.24) in the form

o (1) = D00 + 5o

where
ic(1—Q(n,1))

3(77777):— 9

(A, A7) — (An, An)) (Z)

is the non-diagonal part of (1.24). By computing the time derivative of the Sobolev
norm of a solution 7 of (1.24), we have

Orlln|2 = 2Re ((A*n. B(n,0))).

The growth of 7 in norm, therefore, is entirely determined by the non-diagonal terms.
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First Normal Form Step:

In order to understand the dynamics of the solutions, we have to quantify more precisely
the contribution of X3 and hence to analyze its resonant terms:

we then perform a normal form step by constructing a transformation &G that conju-
gates the system (1 into one without non-resonant, third-order terms.

The main issue is to ensure that ®®) is well-defined and invertible in a ball around the
origin of some Sobolev space H*. This is closely related to the presence of small divisors
of the form .

|U|_ J, ke Z".

Quantities of this form are uniformly bounded by a constant if n = 1 and by 2|j], 2|k
for n > 2, and this causes the additive loss of half a derivative in the definition of the
regularity threshold my in (1.13).

After the normal form step procedure, we obtain a system of the form

XD (w, @) = (I + P(w,®)) Dy + Xres3(w, @) + XL9 (w, @), (1.25)

where P is a real, negative function and Xyes 3 is the resonant cubic part.
Unexpectedly, the surviving cubic term does not contribute to the Sobolev norm growth
of the solutions, indeed

Re((A2sw>XRes73(w, 71))) =0, s>myg

and hence, by

Orllwll? = Re((A%w, XU (w, ).

It follows that the norm evolution of the solution of (1.25) is truly determined by the
terms of order greater than 5.

Second Normal Form Step:

In Section 2.5 n we perform a similar analysis on the quintic resonant terms:

via the normal form transformation ®@¥), we conjugate system (1.25) to another one of
the form

X(Q) (Q7 (j) = (1 + 75(617 (Y)) : (DI(Qa ) + XRes S(Q7 )) + XRes S(Q7 ) + X(;?)(q’ 6)7

The construction of ®4) is carried out with the same techniques as in the previous step,
the only difference lies in the higher complexity given by the quintic order.
Surprisingly, the structure of the small divisors (and hence of the resonant terms) is
unchanged with respect to the first step.

This is ultimately related to the particular nonlinearity of that prevents the presence
of more complex small divisors of the form

1

) : —, J1, J2, J3 € L". (1.26)
1] & 2] F 13|

In fact, the resonant terms in XRes 5 of the form
+ —

+ _
qjlq—jl(qj2Q—j2) qj; q9 =4, 49 =4(,
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that give rise to small divisors of the form (1.26), have vanishing coefficients.
Thanks to this special property, also in this case, the quintic resonant terms do not con-
tribute to the growth of solutions, in the sense that

Re<<AQSQ> XRes,S(Qa Q)>> = Oa sz mo

1.2.3 Formal Birkhoff Normal Form

The aim of Chapter is to continue the analysis of the previous chapter. It will be shown that,
if we consider the Hamiltonian associated with the equation in complex coordi-
nates, then it is impossible to find a (symplectic, close to identity) map, such that the resonant
degree-8 terms of the resulting Hamiltonian give a non-zero contribution to the growth in
Sobolev norm of its solution. This is implied by Theorem

For this purpose, we adopt a different and more algebraic approach based on the use of the
Birkhoff normal form within the framework of formal power series. This is outlined in Sec-
tion [3.1.1] The main advantage of this method is that all computations are performed only at
a formal level (although one can show that the corresponding maps are indeed well defined),
which enables us to write everything in a cleaner way and to bypass the difhculties arising
from the quasi-linear nature of the Kirchhoft equation. On the other hand, this approach
makes it possible to better exploit the symmetries inherent in the nonlinear structure of the
Kirchhoff equation. The main tools used in this section are the following:

(1) Formal BNF:
We translate our problem into the more abstract language of formal power series defined
on complex sequences, which arise naturally from the Fourier expansions of Hamilto-
nian partial differential equations.
Starting from a Hamiltonian of the form

H=H,+) H,
j>2

where Hy represents the diagonal quadratic part and each Hj is a formal homogeneous
polynomial of degree j, we construct a formal canonical transformation ® in order to
remove all non-resonant monomials up to an arbitrary finite order .

The resulting transformed Hamiltonian is in Birkhoff normal form, taking the form:

Ho®=Hy+ » Zj+ Rpp
2<j<k

where the Z; are resonant homogeneous polynomials of degree j, in the sense that they
Poisson commute with Ho.

Consequently, the Hamiltonian is reduced, at any prescribed order, to a normal form
whose dynamics is entirely determined by its resonant terms, while the non-resonant
dynamics are relegated to higher-order remainders. Finally, this analysis is conducted in
a purely formal setting, focusing on the algebraic structure of the transformation without
addressing convergence or analytic estimates.

Within this framework, we can reproduce more efficiently the first two normal-form
steps carried out in the previous chapter, obtaining the same results concerning the
resonant terms of degree 4 and 6 of the Hamiltonian (that correspond to degree 3 and 5
of the vector field), and then focus our attention on the analysis of the degree-8 terms.
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(2)

Formal Variables:

The key step consists of rewriting the Hamiltonian associated with the equation
in a new set of (formal) variables, denoted by I = (|z;|?);ez and W = (2;z_;), which
highlights the special structure of the Kirchhoft equation and particularly those terms
whose dynamics preserve the linear (super)actions.

Lemma 1.2.1 Let us define the quantities Hy := Y o k(Ix+1_) and P := ", . k(Wi +
The Hamiltonian (1.19) associated to system (1.17) can be formally written as

H = Hy + Z Ho,
n>1

where
(_1 n+1 " N
Hs, = TC (H2+P) .
Note that these variables are, however, not a symplectically conjugated pair, they merely
provide a more convenient representation of the Hamiltonian that allows one to distin-
guishing the terms that are harmless, i.e. the formally action preserving terms that can
be written only in terms of I;, from other terms.
This particular writing is possible only for an equation with integral nonlinearity like
the Kirchhoff. In fact the structure of the Kirchhoff-correction term drastically reduces
the possible interactions between different modes.

Invariance of the Fourier Support:
As we pointed out in Remark[2.3.3] the Fourier support is an invariant for system (1.17).
This can alternatively be rephrased

Lemma 1.2.2 Fixed any set of indices S C N then the subspace
Qs ={z€ H(T): z, =0if |k| ¢ S}
is invariant for the flow of (1.17)

This is fundamental for two reasons: We can reduce our problem to the study of Hamil-
tonians that are formal power series on spaces of sequences, bypassing all regularity is-
sues. The arguments are then made rigorous by considering solutions supported on
finite sets of modes.

Second, while our analysis is restricted to the one-dimensional case, this does not en-
tail a loss of generality. Due to the invariance of the Fourier support (Lemma [1.2.2),
one can always reduce the problem to one-dimensional invariant subsets to prove the
non-integrability of the resonant degree-8 terms.

The main result of this chapter is the following

Theorem 1.2.3 [71l] There exists a (formally) Symplectic transformation ® such that

Heng := H o ® = Hy + Zy + Zs + Zg + R>10,

where Ho, Zy, Zg are resonant, homogeneous terms of degree respectively two, four and six, which
are also formally action preserving. The term Zg collects the resonant degree-8 monomials, of which
inﬁnitely many are not action preserving. Finally, the term R>10 collects all the remaining monomials
with degree greater than or equal to 10.
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Even if our result is only on a formal level, thanks to Lemma it can be made rigorous by
restricting ourselves to finite dimensional subspaces of sequences.

From theorem it follows that

Corollary 1.2.2 The Hamiltonian (1.19) is not formally action preserving, in sense of Definition
3.1.0

It is important to stress that, the above theorem holds also in a non-formal way thanks to the
subspace invariance of the Kirchhoff.

One may ask if there is a particular choice of the nonlinearity F in for which the Hamil-
tonian is formally action preserving.

With the same techniques used for Theorem [1.2.2) we can prove the following result:

Theorem 1.2.4 Every Hamiltonian H of the form (1.6), is not formally action preserving. In par-
ticular, if we consider the 8th-order formal Birkhoff normal form of H, it is always possible to exhibit
infinitely many degree-8 resonant terms which are not action preserving.

1.2.4 Formal BNF vs Normal Form

In Chapter 2, we adopted a non-formal normal form procedure that consists of a prelimi-
nary block-diagonalization procedure performed in section together with two steps of
Poincaré normal form on the resulting vector field. The main advantage of this technique is
that all the maps involved are bounded transformations of the phase space H*, which allows
one to perform energy estimates on the solutions.

The drawback, however, is the loss of the original symplectic structure of the Kirchhoft equa-
tion.The method of Chapter [3| on the other hand, is based on an abstract version of the usual
Birkhoff normal form (BNF) algorithm, adapted for the framework of formal power series on
sequence spaces. Even if the formal BNF method does not require extension to Hamiltonians
defined on spaces of Sobolev class functions, it can be carried out with cleaner calculations.
Moreover, the maps involved are all formally symplectic. We also stress that the formal BNF
procedure can be made rigorous by restricting ourselves to the space of finite support sequences
(initial data with finite Fourier support).

Despite their structural differences, both methods rely on the cancellation of non-resonant
terms and the study of the remaining resonant ones. The former is performed directly on the
vector field, while the latter is applied to the Hamiltonian. At this point, one may ask if the
resonant terms produced by the two approaches coincide.

A similar identification argument was used by Berti, Feola, and Pusateri in [20] in the con-
text of the water wave equation. Their goal was to identify the degree-4 resonant monomials
obtained through a formal BNF procedure with the ones obtained by means of a rigorous
(yet non-symplectic) normal form transformation. The core of their argument relies on the
uniqueness of the solutions of the quadratic homological equation, which stems from the ab-
sence of 3-wave resonances. This result, however, holds only for resonances of degree-4 and,
to our knowledge, cannot be extended to higher orders.

A related result of this nature was provided by Kappeler and Péschel [66] (Theorem G.1).
Their result ensures that the normal form is unique at each step, provided that the eigenvalues
of the linearized operator are non-resonant. Both results stated above rely on a strong non-
resonance condition on the linear part. Due to the strongly resonant structure of the Kirchhoff
equation, whether such an identification argument could also work in our case deserves further
investigation.
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1.2.5 Almost Periodic Solutions

Chapter [4is devoted to proving the existence of almost-periodic solutions for equation (4.2)
that is a semilinear version of the Kirchhoff equation.

In complex variables we consider a family of PDEs on the one-dimensional torus, with an
external parameter (potential):

iut:—Au—i—V*u%—f(/T(ujLﬂ)%[ujLa]) Blu + 1, (1.27)
where f is a real analytic function in a neighborhood of y = 0 with a zero of order at least 2
iny = 0and A, V, B are Fourier multipliers such that
1. V x e = |k| Ve for {V}}rez € £>° symmetric.
2. A = /—Aand Ae?** = |k|etke
3. Bl ] = b for {b;} ez € (X

Much of the literature concerning PDEs of this kind focuses on the construction of so-called

quasi-periodic solutions in time, that is, functions of the form u(t,z) = U(twy, ..., twp, z),
with z € T, w = (w1, ...,w,) a vector of rationally independent entries, and U : R"™! — R
periodic.

The principal techniques employed to face this problem, come from the theory of dynamical
systems and have been extended to the infinite dimensional setting. One of the most impor-
tant is to look for invariant manifolds on which the dynamics is linear and is given by the map
Y — @+ tw.

This idea is implemented by means of the so-called KAM procedure:

it consists in an iterative super-quadratic scheme, which, by performing infinitely many canon-
ical transformations, brings the Hamiltonian associated to the PDE into another one which
has a finite dimensional invariant torus at the origin.

The principal problem arising in the search of such quasi-periodic solutions is the presence of
the so-called “small divisors”, which are arbitrary small quantities appearing in the denomi-
nators when one computes explicitly the approximate perturbative series. In particular they
arise at each step of the iteration in solving the so-called homological equation.

In the usual KAM framework, such equations are constant coefhcients linear PDE, which can
be solved by imposing the strong non resonance conditions on the frequency w.
Unfortunately, being supported on finite dimensional tori, such solutions have no chance to
be typical with respect to any reasonable measure one can define on the phase space: even for
integrable models typical solutions are supported on infinite dimensional tori.

It is reasonable to suppose that such behavior is preserved when it comes to close to integrable
PDEs.

With these premises, a natural direction is the study of the almost-periodic solutions, i.e. uni-
form limits of quasi-periodic ones see [27], [28], [26] and the references therein).

A first main difficulty is that the structure of the small divisors involved:

in fact, it is well known that in constructing finite-dimensional invariant tori the non-resonance
conditions become weaker as the dimension increases.

To overcome this difficulty, we need to impose some strong (Diophantine) condition on the
eigenvalues of the linear part. For this purpose, it is convenient to consider families of PDEs
depending on as many parameters as the dimension of the invariant tori one aims to construct.
The simplest way of introducing such parameters is through an external potential.

This is the core of the method developed by Bourgain for the quintic NLS, in his seminal

23



work [33] and then refined and generalized by Biasco-Massetti-Procesi [24], [23], [25] to the
NLS with generic, non-translation invariant, non-linearity.

Following this approach, our goal is to prove the existence of almost-periodic solutions for
(1.27), both with high regularity (Gevrey, Analytical) and low regularity (Sobolev).

The main difference with the above mentioned problems resides in dispersion law (quadratic
for the NLS, linear for ), that a priori results in more restrictive Diophantine conditions.
This feature is crucially exploited in the strategy developed by Cong and Yuan in [36] for the
NLW equation.

In our case, in order to overcome this difficulty while still taking advantage of the non-
resonance conditions introduced in [33]], we rely on the special structure of the nonlinearity:
in particular, as is shown in section equation is closely related to the Kirchhoff
equation with which it shares the same structural symmetries. This allows to carry on the
KAM scheme imposing similar non-resonance conditions with the one used for the NLS.

Hamiltonian Structure and Almost-Periodic Solutions
Equation (1.27) is a Hamiltonian system with Hamiltonian

H(u,d) — /u-Aﬁ+1F (1/(u+ﬂ)’3[u+a]> +1/v* ul2,
T 2 \2Jr 2 Jr
y
Fy) — / £(s), ds (1.28)
0
with respect to the classical symplectic form w(u, v) = Im ( [ uv).

In the following, we will consider analytic non-linearity f such that
R =Y DR < 00 (1.29)
d=1

for some R > 0, where f(y) = >.02, f{¥y? is the Taylor expansion of f at the origin.
h

We are particularly interested in weak solutions of (1.27), according to the following

Definition 1.2.5 (Global in Time Weak Solution)
A function u : R? — C, 2m-periodic in the second variable x,is a weak solution of (1.27), if

1. The map t — u(t,-) € L*(T) is continuous;

2. For every compactly supported, smooth function ¢ : R* — R one has

/R2 |:(—i(Pt+(me)u— <V*u—f </T(u+u)%[u+u]> %[Hu]) 90] dtde — 0.

The main results of this Chapter are summarized in the following statement:

Theorem 1.2.6 For almost every Fourier multiplier V' there exist infinitely many (small-amplitude)
weak almost-periodic solutions of (1.27).

Infinitely many of them are classical while infinitely many are non-classical.

From now on, we will operate in the Fourier setting and identify each function u with the
sequence of its Fourier coefhcients {u;}jez.
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We consider the space ¢2(C) endowed with the standard symplectic form idu; A da;.
Within this framework, equation (1 is the Hamiltonian system

j = (7] + Vj)u; + £ Zb wj + ;)% | bi(u; +a—y;), jEZ,
]EZ

namely, an infinite lattice of harmonic oscillators, with frequencies |j| + Vj}, coupled by the
non-linearity f.

The associated Hamiltonian (1 on the other hand becomes

H () = 2071+ Vsl 4 F (53 (s +uy)?

JEZ JEZ

If we restrict ourselves to the linear case, i.e. when f = 0, the Hamiltonian H;, consists
only of its quadratic part and the linear actions |u;|* are all conserved, moreover, for u(0) =
{u;(0)} ez, the corresponding solution is given by

) = 3" up(0)e ETMND N = || + Vi
kEZ

Let us note that, if only a finite number of initial modes ;(0) are non-zero, the associated
solution w is quasi-periodic and inherits the regularity from the initial data.
On the other hand if the set of initial excited modes is infinite, then w is time almost periodic,

being the uniform limit of the truncations >~ w;e'"*+%5%) but its regularity is more complex
l7I<N

to determine and requires further discussions.
In this case, being the linear actions constants of motion, we have that every solution is sup-
ported on an invariant torus in the sense that its dynamics is confined to the set

Tii={u: ju* =1}, (1.30)
for a given sequence I; = |u;(0)[%
By construction, moreover it follows that the dynamics of Hy, restricted to 7y is linear with
frequencies \;.

A natural question is whether this kind of solutions continue to exist once we take into
account the non-linearity.
In this direction, a natural attempt is to try to construct a symplectic change of variables ®
defined in some open ball centered at the origin, such that the resulting Hamiltonian H o
still has the invariant tori with given linear frequency w. To this aim, we consider the following
definition:

Definition 1.2.7 (KAM Torus)

Let us consider a sequence 1; such that /1 := {\/1;} ez and the associated flat torus Ty defined in
(1.30).

We say that Ty is a KAM torus offrequency wfor the Hamiltonian

) =Y wjluy* + Plu),

JEZL
if the Hamiltonian vector field Xp := i e L panishes on Ty.
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It is clear that every KAM torus is invariant under th flow of N, moreover, the restricted
dynamics is linear with frequency w, namely

ui(t) = u;(0)e™s",  Ju; (0)2 = 1.

The construction of such tori relies crucially on solving the Homological Equation (equation
(4.42)) in a suitable Hamiltonian functional space.

It is well known that this cannot be achieved for all the values of w, in fact we have to restrict
ourselves to a set of "good frequencies" satisfying suitable non-resonance conditions:
following the theoretical framework delineated in [33] we fix the hypercube

) 1
Q= {w: (wj)jez eRZ . sup [wj — |j]] < 2}.
j

and define the set of the Diophantine frequencies as

Definition 1.2.8 (Diophantine Frequencies)

Ve ZE, with €] = Z 10;] < o0
JEZL

Dyi=qweQ: |w - £ >’}’Hﬁ

Hampop
The goal of the above definition is that we are able to provide quite stringent non-resonant
conditions on a set of frequency of full measure (see [23] for rigorous estimates).

Weighted Spaces and Regular Hamiltonians:
We consider Hamiltonians that are absolutely convergent power series defined on the sequence
space
Oh,s = {u = (uj)jez € L(C) : ||ullps = Sup jujles } (1.31)
s

where {h;};cz is a sequence satisfying:

i) hj=h_; jeZ (1.32)

(i) hjig <hj +hj, ji,j2 €N (1.33)
. In(7)

1 = . (1.3

(iii) lim h 0 (1.34)

In particular, we will operate within the class of regular Hamiltonians %, j, ; that, roughly
speaking, are analytic functions whose Cauchy majorant (defined in ) still is analytic
from some ball B, (gp, s) to R. Such class, moreover, is a Banach scale, once endowed with the
norm

1

|H‘r,h,s = ( sup ||XH||9h,s> )

" \lullgs <7
where X is the Hamiltonian vector field associated with the Cauchy majorant.
The choice of h is fundamental since it is closely related to the norm |H|,p 5. In the spe-
cific, conditions (1.32) and (1.33) ensures the monotonicity of the latter with respect to the
parameters s and r while condition (1.34) allows us to obtain the bound

‘La_Jl(F)’r,h,SﬂT < 7_150(0)‘F

rhs (1.35)
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on the solutions of the Homological equation, with w € D,.

This only holds for equations with this type of nonlinearity, it does not happen for the NLS,
for instance.

However, in order to perform the KAM scheme, we must be able to quantify precisely the
constant C(c) (1.35). Thus, in the last part of Chapter [4] we will adopt a weight of the form
hj=In(1+|j])7, 7> 2.

As it is easy to imagine, the structure of a solution which is supported on an invariant flat
torus 7y, varies depending on whether such torus is maximal or not (i.e. whether all the actions
I; # 0 or not).

In the case of maximal tori, we construct solutions that are very regular (at least C°). Indeed,
to face the small divisors we must impose fast growth conditions on the sequence h;, in .
This heuristically comes from the fact that finding very regular almost-periodic solutions is
simpler since they are very close to finite dimensional tori.

On the other hand, when we work on non-maximal tori, we have a control on which action
is turned on, therefore one can look for special tori which are supported, in Fourier space, on
a sparse subset S of N called “tangential sites”.

This idea was successfully used in [23] to construct lower-regularity (at least Sobolev) solu-
tions for the NLS.

The central fact is that the choice of such sites provides an extra set of parameters which can
be used in order to avoid resonances or simplify small divisor estimates. However dealing with
the interaction between tangential and normal sites (i.e. S°) requires a careful case analysis.
In the case of , this method can be performed without the complications related to the
interactions between tangential and normal modes:

in fact, the special nonlinearity of guarantees the invariance of the Fourier support of
its solutions, preventing these interactions.

With these premises, we will divide Theorem (1.2.6) in two different results:

(i) Maximal Tori
In this setting we produce almost-periodic solutions of high regularity (at least C*°) for
equation (1.27), which are supported on a maximal invariant tori. The main result is the
following:

Theorem 1.2.9 [83] For any s > 0, v > 1 there exists e, = €.(s,7) > 0 such that, for all
r > 0 that satisfy
f
flr >

R < e (1.36)

the following holds:

For every w € D., and every N1 € B,(gs) there exists a potential V' and a symplectic analytic
change of variables ® : Ba,(gs) — Buay(gs)such that Ty is a KAM torus of frequency w for
Hod

(ii) Non-Maximal Tori
In the setting delineated above, we use the invariance of (1.27) a to construct almost
periodic solutions in spaces of lower regularity, namely

wy = {u = (u)jez € C*(C) : [ulp =Y _ uy[(j)” < oo},
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that are supported in non-maximal invariant tori.

To this end, we impose stronger non-resonance conditions on the frequency vector w.
More precisely, let S C N be the subset defined in (4.141), depending only on p, and
consider the map s : N — S defined in (4.140) and it’s inverse i:S —N.

Let us write moreover the hypercube QSym — stm Q M where

O™ ={we Q%™ : w; =0if|j| ¢ S}

and define the Diophantine conditions

D%‘s::{wEQS:W%\ H \E!H) VKGZI?}.

1€N

Finally, let us consider
wh o= {u = (w;)iez €wp : u; =0forall|i| ¢ S}.

Moreover, we decompose V' = (Vs, Vse) with

(Vs); = {0 if|j # S

V;  otherwise
and similarly for I = (Is, Isc). The main result is the following:

Theorem 1.2.10 (Lower-Regularity) Under the same hypotheses of Theorem|[1.2.9, there
exists v > 0 such that for every w € Doy s and every \/Is € By.(w3), there exists apotentlal Vv
and a symplectic analytic change ofvarlablm D : Bor(wp) — B4r(wp) such that Tig is a KAM
torus of frequency w for H o ®.

We note that, depending on the value of p, the almost-periodic solutions obtained via
Theorem [1.2.10|are either classical or weak in the sense of Definition Moreover,
these solutions are supported on a non-maximal torus, since their dynamics is confined
to
S L _ . 2 _ . _ .
TS = {u= (uj)jez : |u|° =Z,for |j| €S, wu;=0for|j|¢S}.

1.2.6 Sketch of the Proof

* Projectors and decomposition of the Hamiltonian

The space of regular Hamiltonians is decomposed into subspaces according to their order
of vanishing at a prescribed invariant torus 7y. This leads to a direct sum decomposition
of the form

H=HDaHO ey

where:

#(=2) contains the terms that do not vanish on 7, H©) contains terms whose Hamilto-
nian vector field is tangent but not zero on 7y, #(=2) consists of terms whose vector field
vanishes on 7y. Explicit projection operators onto these subspaces are constructed via
an auxiliary Hamiltonian depending on artificial action variables. This decomposition
is stable under Poisson brackets and does not introduce singularities at the origin. The
projectors play a fundamental role in identifying the obstructions to the persistence of
invariant tori.
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* KAM algorithm

The KAM iteration is formulated as a sequence of near-identity symplectic transforma-
tions acting on the Hamiltonian. At each step, the terms belonging to H(2) and H O
are eliminated by solving suitable homological equations. The remaining Hamiltonian
is progressively conjugated to a normal form which belongs to #(>2). The iteration
produces a fwisted conjugacy, where counter-terms appear as corrections to the frequen-
cies. These counter-terms depend Lipschitz-continuously on the external parameters
and can be removed by a suitable choice of such parameters. The scheme converges
uniformly with respect to the dimension of the invariant torus, allowing both finite-
dimensional and infinite-dimensional tori to be treated in the same framework. The
limiting Hamiltonian is in normal form at the torus 7y, which is therefore invariant.
The induced dynamics on 7y is linear with Diophantine frequency w.

The resulting invariant torus supports quasi-periodic or almost-periodic solutions de-
pending on the cardinality of the excited modes.

* Homological equation

The KAM scheme relies on solving homological equations of the form
L,F =G,

where L., := {3~z wjluj|?, -} is the linearized operator associated with the integrable
part of the Hamiltonian. The right-hand side G belongs to specific sub-spaces deter-
mined by the order of vanishing at the reference torus. Strong infinite-dimensional
Diophantine conditions on the frequency vector w are imposed to control small divisors
uniformly. A crucial feature is that G is analytic in a ball centered at the origin, which
allows one to solve the homological equation with no loss of regularity in the chosen
Banach spaces. Sharp bounds are obtained for the inverse operator £}, ensuring tame
estimates compatible with the iteration.

1.3 Organization of the Thesis

The thesis is organized as follows:

- Chapter [2|is devoted to the study of on T™ and to the analysis of its resonances:
After rewriting the equation as an infinite-dimensional Hamiltonian system, in Sections
and a sequence of preliminary transformations is performed in order to diago-
nalize the linear part and block-diagonalize the highest-order terms.

In Sectionsandwe perform two steps of normal form and we show that the cubic
and quintic resonant terms obtained do not contribute to the growth of Sobolev norms.

As a consequence, we can prove Theorems and

- Chapter develops a formal Birkhoff normal form approach for Kirchhoft-type Hamil-
tonians.
Working in the framework of formal power series introduced in Section the chap-
ter reproduces the lower-order cancellations observed in Chapter [2] in the setting of
formal Birkhoft normal forms and allows one to extend the analysis to higher order
resonances of the Hamiltonian. In particular, using Wolfram Mathematica the degree-
eight resonant terms are explicitly computed and shown to contain monomials that are
not action-preserving, thus providing evidence against integrability beyond the lower
orders.
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In Subsections and we explain the codes used to prove Theorems and
124

- Chapter |4]is devoted to proving the existence of almost-periodic small-amplitude solu-
tions for equation After introducing a suitable functional setting in Section
we solve the homological equation (Section [4.3). In Section [4.4] we introduce the pro-
jector operators (4.71). In Section we prove the KAM Iterative Lemma hat
implies Theorem

Finally in Section |4.6{ we prove Theorem|1.2.10
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Chapter 2

Quasi-Linear Normal Form
Approach

2.1 Introduction

In this Chapter we consider the Cauchy problem associated with the Kirchhoff equation on
the n-dimensional torus T"

2
Ot — ( 1 ) Au = 0, ceR (21)

1+4c¢ [pn \Vul? dz

with initial data ug := (0, -), vo := u¢(0, -) in Sobolev class.

The main results of this chapter are stated in Theorems and We briefly recall the
fundamental steps:

The proof is based on a normal form analysis of the Kirchhoft equation within its Hamilto-
nian formulation. In Section we rewrite the equation as the first-order system (2.2)
by employing the complex variables (2.6) that diagonalize the linear part. This allows us to
express the Kirchhoff in the form (2.7) that is convenient for energy estimates and for the
identification of resonant interactions.

In the quasilinear setting, the use of normal form techniques is obstructed by the difficulty of
closing the energy estimates after the associated change of variables.

To overcome this difficulty, in Sectionwe block-diagonalize the highest-order terms of
, using ideas from paradifferential calculus. This transformation reduces the system to one
of the form , for which the remaining non-diagonal terms are bounded operators.
Once this preliminary reduction is achieved, in Sectionandwe construct two nonlinear
normal form transformations ((2.36) and (2.71)) aimed at eliminating non-resonant terms with
degree respectively 3 and 5. A key point of the analysis is the study of the resonant terms that
survive these transformations. We show that,the remaining resonant terms do not contribute
to the growth of Sobolev norms.

As a consequence, the evolution of the solutions is effectively governed by higher-order re-
mainders, which yields long-time stability results for small-amplitude initial data.

2.2 Hamiltonian Structure and Functional Setting

Recalling Subsection we consider the set of variables (u, v) = (u, u;), that decouples
equation (2.1) in a system of two partial differential equations of order one with respect to
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time, specifically:

ou=v
2
1 2.2
O = 5 Au (2.2
L+ ¢ [pn |[Vul® da
By considering the Hamiltonian H : H}(T",R) x L*(T",R) — R,
1 1 c

H = - *dr — = 2.3
(u,0) Z/nv v 2<1+chn]Vu|daz>’ (23)

we also have that system (2.2) can be written in the form

9

Oru = VyH(u,v)
O = =V, H(u,v)

where V,,H and V, H are the gradients of H with respect to the real scalar product on L%
<f7g> = T f(:r)g(:c)d:v, fa g€ LQ(Tan)'

In terms of the Fourier expansion of its solution u(¢,-) : T" — R

W Z Uk(t)eik-ac’ uk(t) = (27-(1)”/2 /]rn U(t,l‘)e_ik'xd;[;’

u(t,z) =
system (2.2) turns into the (infinite-dimensional) system of ordinary differential equations

1

L+c >0 [Py (6)]?
JELM™

g (t) + k[Pux(t) =0, keZ",

parametrized by k € Z". By adopting a dynamical system point of view, this implies that
equation can be seen as an infinite-dimensional Hamiltonian system in the phase space
HS(T™,R) x HiH(T™, R), s > 1.

Let us note, moreover, that the nonlinearity in Hamiltonian and the corresponding one
in equation , are well-defined only when the denominator

1+c/ |Vu|dx # 0.
Tn
Since 1., [Vu| = ||ul|3, it is sufficient to consider solutions supported in the ball

u € B, (Hy(T",R)) ,

where

8o = —e, £>0. (2.4)

]

In this way both the nonlinearities involved in Hamiltonian (2.3) and in equation (2.1) are
well-defined.
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2.3 Preliminary Transformations

The purpose of this section is to perform two preliminary changes of variables, one linear and
one nonlinear, in order to conjugate system to one in a more suitable form.

The first one diagonalizes the linear part of the system, while the second one has the purpose
of removing, up to a bounded remainder, the oft-diagonal unbounded part.

This strategy of eliminating the off-diagonal unbounded terms before the normal form con-
struction is necessary due to the quasi-linear structure of the Kirchhoff equation.

2.3.1 Diagonalization of the highest order
We want to diagonalize the linear part of system , namely

{8”‘ v (2.5)

o = Au

Let us consider the complex linear isomorphism:

_1 s—1
oW . H3(T", R) x Hi (", R) — H, 2(T", C) x H, *(T", C)

(A%uﬂf\‘%v) A5 (2 4 2)
zZ = W= =
i V3
<y (2.6)
(A%usz7%v> v Az (z — 2)
z= 7% V2

where A = +/—A is the Fourier multiplier defined by
Al = kle® T, for k € Z.

When, as in our case, ®1) is restricted to a pair of real functions, it becomes a real isomorphism
from H§(T",R) x H§(T™, R) into the space of complex-conjugate, zero-mean functions

H(T" c.c.) = {(f. g) € H{(T",C) x H{(T",C) : g = f}.

In these new variables, the linear part takes the diagonal form

Oz = —iAz
Oz = iAZ
while the whole system transforms into:

7 1
Oz = —iAz — = — Az + Az
2 ((1+§(A(z+z),z+z>)2 1>( TA2)

; 1
0z =iAZ + = — Az+ Az
*3 <(1+§<A(z+z),z+z>)2 1>( TA2)

where

(AMz+2),z+2) = / [(z(x) + 2(x)) (Az(z) + AZ(z))] dx.

n
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Finally, by recalling the definition of 1 and @ in (1.18), system can be rewritten as

{&tz = —ilAz — %M (Q(2,2)) (Az + AZ) (2.8)

Oz =iAz+ Lpu(Q(z,2)) (A2 + Az)

Note that the second equation of (2.8) is redundant, being the complex conjugate of the first
one.

Remark 2.3.1 The quantity Q(z, z) is real andpositive, since it corresponds, in the new variables, to
the term [y, |Vul?.
Therefore, system is well—a’eﬁned only when it holds

Q(z,2) < 1/|c|. (2.9)

Since one has )
Q7)< I, (2,%) € HE (T, ) (2.10)
2

condition is verified for (z,Z) in the ball

(,%) € Bs, (Hol (T",c.c)> ,
- By (H}(".c0)) = 1(22) 21y <)

and &g is the same as in .
System is again Hamiltonian of the form

Oz = —iV:H(z, %)

(2.11)
8152 = szH(z,Z)
with
H:  H2(T",C)x H2(T",C) — R
1 [ (§(AG+2),2+2)°

H(z,z)= (Az,Zz) — %

1+ S(A(z+2),2 + 2)
Here, V. is the gradient with respect to the complex inner product

<f7 g>C:<f7 g)? f7g€L2(Tn7C)'

The map &) is also a symplectomorphism, in the sense that the conjugated Hamiltonian
system (2.11) conserves the same structure as the previous one, in fact it can be written in the

form
z . (V.H
O <z> = <V5H>

where J is defined in (1.16).
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Remark 2.3.2 (Conserved Quantities in Complex Variables)
From Subsection we know that the quantities

1. ;
Mj = Sij [uj(Bpu—j) —u_j(Opuy)], jEZ

are conserved for the flow of (2.1). Where {u;} ;ez are the Fourier coefficients for the solution of

in the original variables.

In the complex coordinates given by , the quantities M; take the form
1. _ _ _ _
Mj = J5llz+2)(—5 = Z) = (25 + Zj)(2) — 2-j)]
1. _ _
= Gile—iz-g — %]

1' 2 2
= 5][\2—3'! — |27

We then have that the quantities |z;|* — |2—_;|%, j € N are conserved by the flow of (2.1).

Remark 2.3.3 (Invariance of the Fourier Support in Complex Variables)
The Fourier support for the original variables, deﬁnea’ in 1! translates, in the new complex variables,
in the set

Sc(t):={j €Z": z(t) — z_;(t) # (0,0)}.
This, together with Lemma implies that if the initial data zy for system is supported on a

symmetric set of frequencies, then this support is invariant for the corresponding solution.
Even if, in the new variables the linear operator is diagonal, when one tries to perform an
energy estimate on the Sobolev norm H®, s > % of a solution z of (2.8), one obtains

allz)2 % 2Re (i(Az, Az+;u(Q(z,z))(Az+Az)>>

= [n(Q(22))|Re (i(Az, Az)).

Since
1 (Q(z1, 22))| < coles )|zl 22l 1

for 21, 22 € Bs, (H 2(T™, c.c.)) and ¢ = ¢(g, ¢) , one has an additional loss of half derivative
2 211,112
Orll=ls < e(e; =3 1205, 0

that prevents us from performing the energy estimate.
The responsible for this loss are the off-diagonal terms of system (2.8), i.e. the ones of the form

{&gz = 51 (Q(=,2)) Az
01z = 51 (Q(2,2)) Az

We then have to perform a preliminary step in order to remove those terms.
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2.3.2 Block Diagonalization
The aim of this section is to transform system into the system (2.12) below, which is

block-diagonal modulo bounded remainders.
The main result we will prove is:

Theorem 2.3.1 There exists a 6g > 0 and an invertible, close-to-identity map
2 . By, (H3(T", c.c.)) — Hy(T", c.c)

that conjugates system to one of the form

om=—i(1—cQ(n,7n))An— el - C2Q(77777)) ((An, An) — (An, An))n

(2.12)
o =11 — Q. ) Aq — “E= QD) (45w — (A, Ay

Recalling what we said in subsection (1.2.2), we have that system (2.8) is of the form

) (j) =iLl(z,%) @z) : (2.13)

where the coefficients of the matrix

L(z,2) = <£271(z,2) /J222EZ’5)>

are defined in .

For the sake of simplicity, let us rewrite the diagonal coefhicients as

1
Li11(21,22) = —Lo2(21,22) = —1 — iQ(Zl,Zz)

and the non-diagonal ones as

1
Li2(21,22) = —L21(21,22) = —iQ(ZhZz)

where

Q(21,22) = p (Q(21, 22)) (2.14)
and 1, Q are defined in (1.18).

Since the off-diagonal terms of £ are responsible for the loss of half-derivative when one tries
to perform an energy estimate on the H§ norm of the solution of , our aim is to construct
a transformation and remove such terms.

By adopting a para-differential point of view, one can consider system as a linear one
for which Q(z, z) plays the role of a coefhicient. Our strategy therefore is to diagonalize the

associated matrix
1 _
. y -y
% I+y
where y = $0(z, 2).
We have M has eigenvalues of the form

m = —+/1+2y and my=+/1+ 2y,
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with associated eigenvectors < 1 >, (p (Y)) where
p(y)

) =T iy

(2.15)

Therefore we have
Lo ' (-l-y v\ (1 @) _(~VIF 0 2.16)
ply) 1 y L+y) \ply) 1 0 Vi+2y)' ’
It is natural to define a new set of variables of the form

() = e (),

1 < 1 p(Q(2'17Z2))>
V1= p2(Q(z1, 22)) \P(Q(21,22)) 1 '

(2.17)

M(z1,22) =

Remark 2.3.4 As pointed out in [6], the corrective term

1
V1=p7(Q(z1, 22))

used in formula (2 is essential. Indeed, using any other similar change will generate a diagonal term
of order zero in the new system which gives a non-trivial contribution to the energy estimate.
This corrective term is the only way, up to constant factors, to eliminate those diagonal terms and is

related to the symplectic Structure of 1D

Remark 2.3.5 We can invert expression (2 7) with respect fo the variables z1, zo and get

(Z;) = M7Y(2,2) (2) : (2.18)

WI’IC’TL’

M_l(Zl, ZQ) =

L 1 —p(Q(21, 22)
\/1 — p%(Q(21, 22)) (‘P(Q(z1,z2)) 1 > . (2.19)

From (2.18) it follows that complex conjugated pairs of functions (z, z) are mapped into another pair
of complex conjugated functions. Therefore, (2.17) is well-posed from the space of complex conjugate

functions onto itself. We will then consider ny = ;.

Remark 2.3.6 From the expression ofp in (2.15) and Q in one has that

cQ(z,2)

PQ=2) = 5ot

(2.20)

It follows that the above quantity is well-defined, since, from Remark- z,Z) € Bs, (Ho(T", c.c.)).
Let us note moreover that, under this hypothesis, also the term is well-defined.
V44 VI (0(2) cfi
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Since the change defined in is implicit in the variable (z, Z) we have to express Q(z, z)
in terms of 7 and 7:

since Q(z,2) = $u(Q(z, %)), se start by make explicit the dependence of Q(z,2) = F(A(z +
Z), z + z) from the variables (n, 7).

Recalling (2.17), we have
1

(AMz+2),2+2) = “AW%Q@j»ﬁﬂ+wK%%@DMn+mxl+MQ@iDXn+@>

(2.21)
1+ p(Q(2,2))

= Tg(z,z))</\("+ﬁ)’”+ﬁ>’

moreover, from the definition of p in (2.15), we have that

1-p(y) -
1+p(y) 2,

hence

Q. 1) VIt 0 2Q 2)

Q(z, 2)
1+ eQ(z,,2)

(2.22)

By inverting expression (2.22) with respect to Q(z, z) we get

Qn,n) _
fj;@@;5=—w@%mn»- (2.23)

Let us note that (2.23) is well defined only when Q(n,7) < 1/|c|. As in Remark it is

sufficient to impose

Q(Z,Z) =

(n,n)e.B&)<lL§(T",ac)>.

We can now make expression (2.17) explicit with respect to the variables (7, 77) and define the
map

() = D (1,7) == M(n,7) (Z) 7 (2.24)
where 1)
L 1 1 o(n,1
M) = 1—0%(n,7) <Q (n,1) 1 >
and
o) = (4 @m0
(2.25)

Qn.)
2 - CQ(% ﬁ) '

Reasoning as in [6], Lemma 3.1, we have:
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Lemma 2.3.1 For every s > 3§ the nonlinear map ®2 : By, (Hg(T", c.c.)) — Hg(T", c.c.) is
invertible, continuous, with continuous inverse

(@(2))_1 (2,2) = s 1 5) <_p(gl(z,z)) —p(Ql(Z’z))> (2

defined for every (z, %) € Bs, (H§ (’]I‘”, c.c.)) with 5o defined in (2.4).
Moreover, for all s > 3, all (n,7) € H§(T", c.c.) satisfying HﬁH% < &g one has

1@ (n, )5 < €7l ) 1, 7]

, , , , o -1
for some increasing function €. The same estimate is satisfied by (®2)) "

Proof: The bounds ||7)||%, HnH% < & guarantees that the denominators /1 — p2 (Q(z, 2)),

V1 —p2(Q(n, 7)) are well deﬁned, while the estimates on ®®) and (<I>(2))_1 follow from
(2.15), (2.20), (2.24) and estimate (2.10). O

Let us see how system (2.13) behaves under the change (2

By (2.24) one has

Oy (j) = 9,9®)(n,7) = (M(n,n) (Z))

_ - n _ n
= M(n,n)0 <77> + O (M(Uﬂ?)) <77> . (2.26)
On the other hand, by using (1.22)

O (j) = il(z72) (ﬁz)
(7ol %) ()
) e

17 z( 19_(3(572 1__|_QQZzZz < )
D s (VT as) ()
(2.27)
i) (VEERGQD ) (M)
iM(1,7) <_(1_C(?(n’ﬁ)) 1 5( )) (ﬁﬂ>
—c)(n,n n

Finally, by matching (2.26) and (2.27) one gets

_ _ —A
Oy <7Z> +M(n,7)”" 0, (M(n,n)) (Z) i(1 = cQ(n, ) < Ann> (2.28)
We have to study the left-hand side of (2 -

by @.19) and (.19
M(n,ﬁ)_lz 1 . (_ 1 ~ _9(77777))>’



moreover

_ 1 o(n,1))
8t<M(77777)) = (1— (. 77))% ( 1 o(n, )> dro(n,1n)
We then have
M(n, 7))~ 0y (M(Uaﬁ)) = 1@;(77777) <(1) é) dro(n,n). (2.29)

Now, keeping in mind the definition of ¢ in ( , we have that

2¢ 2¢
oo, i) = —————3,Q(n,7) = ——————— (A n), 0 + 047
o(n,1) 20 n)? Q(n,7) (2_CQ(77777))2< (n + 1), O + Oi)
and 4 4eQn.7)
2y = A 4eQnn)
L) = S )y

Putting these together with (2.29), we get

M) 0 (MO} = 5 s () (4,0 + 0.

Let us consider the operator

K (a1, a0) (g;) eI cQC(ozl,Ozz)) (Alar + a2), B1 + Ba) <Z;) :

We have that system (2 can be rewritten as

(ra+ xatn) (57 = 0 (7). (230)

Using the Neumann series, we have that a formal inverse for I + K is given by

(Id+ Ki(n,7))~ —Id+z V*K1(n,n)"

provided the right-hand side series converges. By defining

c

F(n,7) =
we have that

k20 (20) = (1) (304 10+ o P m) -+ 1)

so the Neumann series converges if |F'(n, 77) (A(n + 7),n + 7)| < 1. Since we have

cQ(n, 1)
1- CQ(U? ﬁ) ’

for the series to converge, it is sufficient that |Q(n, 77)| < 1/2|¢| and hence

F(n,7m) (AMn+n),n+n) =

(1,7) € By (Hol (’]I‘”,c.c)) .
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Therefore we have

> ()" Ki(n, 1) @) - (Z) (—=F(n,m) (A +0), 0+ B8) > (=F(n,7) (An+7),m+n))"
n=1 2
= U _F(naﬁ) o N

- (Z) [—§<A<n+ﬁ),a1+a2>

Thanks to this calculation we can rewrite system (2.30) in the following way:

o (1) = i+ Ky ()

7
= i (1—cQ(n, M) < A/:;?) e CQQ(U’T_]))

(A~ (. n) (7).

that is system (2.12).

Let (1, 7) be a solution of (2.12), then we have an a-priori energy estimate of the form:

OlInll

=2 (1 QM) (A7 A7) = (g ) (%)) @31)

= lelllnlBilnl2 + Sl Inl2:

This gives the local existence for solutions of with initial data (10, 70) € H}(T", c.c.) ina
time interval T’ ~ ||no||; 2. Thanks to a bootstrap argument, the same result can be generalized
also for the case of H§ with s > 1. This lower bound for the time of existence of solutions is
consistent with the one obtained by Dickey in [48].

(1 — N
Let us note moreover that the diagonal part of , namely i ( 02@(777 7)) < Aﬁ”) , does

not contribute to the energy estimate (2.31).
Indeed, the first term that gives a non-trivial contribution is the off-diagonal cubic one, i.e.

Batn) =~ ((Am ) — () (7). 22)

while the remaining terms give a contribution of higher order. The next step then is the
cancellation of Bs.

2.4 Normal Form: First Step
The aim of this section is to remove the off-diagonal cubic term Bs. This will be done by
constructing a (normal form) transformation, ®) with the aim of removing the resonant

cubic terms. The main result we will prove is the following
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Lemma 2.4.1 (Normal Form First Step)
There exists 03 > 0 (defined in (2.52) ) and a map

@) : Bys, (HY™ (T", c.c.)) — Bs,(HJ™ (T", c.c.)) (2.33)
that conjugates system (2.12) to one of the form
Op(w, @) = XV (w, @) = (I +P(w, ®)) D1 + Xpes3(w, @) + X0 (w, @),

where P is a function of time only, defined in (2.39), Dy is diagonal, Xres 3(w, @) is made of homo-
geneous cubic resonant terms and is defined in (2.43), (2.44) and X (215) (w,w) is bounded and contains

the remaining terms of homogeneity greater than 5.

Finally, the terms (I + P(w,w)) D1 and Xges3(w,w) give no contribution to the energy esti-
mates, namely the Sobolev norms of the solutions of the system d;(w,w) = (I + P(w,w))D; +
XRes,3(w, w) are constants.

We start by grouping together the terms of system (2.12) with the same homogeneity :

37&(7% 77) = X(nv 77) =D (na 77) + D3(77a 77) + 83(77a 77) + 85(777 77)7 (234)

D) = ()

where

is the linear diagonal part of ,
D3(777 77/) = _CQ(Tla ﬁ)Dl (777 ﬁ)

is its diagonal cubic part, Bs is the cubic off-diagonal part defined in and,

is the remaining quintic part.
Let us formally define the map
<g> = &0 (w,w) := (Id + M (w,w)) (g) : (2.36)

where M is a bi-linear map with values in the space of 2 x 2 matrices, more precisely

M (wy,wy) = <M11(w1,w2) M12(w1,w2)>

Moy (w1, w2) Moz (wy, w2)

with M (w1, we) = Ajjlwi, wi1] + Byjlwi, wa] + Cijlws, wa]. We moreover denote

An T 0@ A w0
A= (AL gL Al e ),
Agr [y, w7 Ago[wy” wi”]

where each component Ay, 4, is an operator that acts on the Fourier series of w = >° . wje™™®
in the following way:

AngQ [w,w]h = Z aghgz (], k:)ij_jhkeik'x. (237)
j,kezZ\{0}
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Similarly for B and C.
We assume A and C' to be symmetric, i.e.

A[wgl),wf)] = A[w?), w?)], C[wél), wé2)] = C’[wg),wél)} for all wgl), w§2), wél), w§2).
Moreover, in order for ) to be a well-posed map from complex-conjugated functions, we

impose
M1 (wi,w2) = Mag(wy, wa), Mig(wi,ws) = Moy (wr, w2).

Let us evaluate how ®(®) transforms System (2.34): we have

o, (”) = 8,00 (w,w) = 8, [(Id + M(w, @) (“’)]

n w
(2.38)

w

— (1 + M(w, ))& (Z) + 0 { M (w, @)} <w> .

Since A and C are symmetric, one has

o0 ({0} (1) = ALw wi] + Blue 0] + Blu. o] + 2Clw.wi] (7).
then, by defining
Katw,o) (§) = drtwa) (5) + bt (5
with

My (w, @) (B) = [24[w, o] + Bla, @] + Blw, 8] + 2C[, ] (g) :
we have that can be written as

o, (Z) — (1d + Ko(w, @) @Z) .

On the other hand, by

B <Z> - X (q><3>(w,w))
= D (<I>(3)(w,z)) + D3 <<1>(3)(w,z)) + B3 (q)(?’)(w,z)) + Bs <<I)(3)(w, z)) .

We arrive to

a (w> — XD (w, @) := (Id + Ko(w, @)™ (X (q><3> (w, w))) .

w

Therefore, in order to derive the equation for the variables (w, @) one must be able to invert
the operator Id + K»:
using the Neumann series we (formally) have

(Id + KQ(wv u_)))_l =1~ KQ(’U),’U_)) + KQ(’U),’LT)),
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where
We then have

where

(i) The diagonal part of degree 3 is

with

P(w,w) == —cQ (q)(?’)(w,w)) . (2.39)
(ii) The non-diagonal cubic terms of X (V) are

w

X{(w0)i= D1 (M0 (1)) = Kol 0)Pr(w,0) + Baww), 240
(iii) Finally, the remaining terms with degree greater than 5 are

XW(w, @) = —Ky(w, @)D (M(w,w) (g))u”(g(w,w)pl (q><3>(w,w))

+P(w, ®)Dy (M(w,w)<))+(f( (w, @) + Ka(w, )) Dy (<I>(3)(w,w))

) [ (89 0:0)) ~ By(o0)]

(-t + & ) o (700m) 41

Let us analyze the first component of the cubic vector field X :,El) (w,w):

(Xél)(w,w)>l = —iAMi (w, @)w — iAMys(w, @)z + iMiy (w, @) Aw — iMia(w, @) Aw
—1 {—2A11(w, Aw) — BH<AU}, U_}) + BH(’U}, AU_J) + 2011(17}, Au‘;)} w
—1 {—2A11(’LU, Aw) — BH(A”LU, ’J}) + BH(’LU, A?IJ) + 2011(12), A’u_])} w

f% (A, A®) — (Aw, Aw)) @

Since our aim is to choose the coeflicients M ; in order to eliminate as many terms as possible

from X:gl), we set
My, B2 = 0.

Under these assumptions it remains
(X:gl) (U), ﬁ))) . = —ZAA12[’LU w] — ZAClg[ U_J} v — 1 A9 [w w]Aw — ’LClQ[ ’LZJ]A’LZ)
+2iA1o[w, Aw|w — 2iCh2[w, Aw]w — 5 (<Aw Aw) — (Aw, Aw)) w
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By using (2.37), we write all the quantities involved in (X él) (w, z)) ) in Fourier series and get

) ~ i [ ) ic, .
(), = 3wy [2a(] - ¥t + i

J,k#0

_ _ ik S/ . ic .
+ X w2051 + ket - 1P

J,k#0

1

In order to cancel out as many terms as possible we set

clj? i’y .
N TE L P
a12(j, k) = < 4k — [4]) ;2 k) = ————. (2.42)
o 4([71 + [k[)
0 if j =
By defining Xges 3 := X?(,l), from (2.42) we have that
ic . — ik-x
(XRes3(w,w)); = 3 Z |j|2ij,jw_ke kea (2.43)
Jk#05]=|k|
Similar calculations for (X (w, 2)), yield to
My =0, By =0, Az =Cia, Co = A
and .
[ 12— - ik-x
(XRes3(w,w)), = -3 Z |]|2ij,jwke kea (2.44)

Jk#01j|=Ik|

Remark 2.4.1 The denommator |kl = ]| of (2.42) is the one responsible for the different regularity
thresholds mq in (1.13). In fact, in dimension d = 1 one has ||j| — k|| > 1 for all |j| # |k| and
therefore

2
A —2 ) C’j‘2 — k 2s
H 172[w7w]st - Z Z ij—ﬂ (|]€’ |j|)wk ‘ ‘
k#£0 | j7£0,]5]#| k|
(2.45)
2
] ,
T Yol D0 Pl ] JwwllRPP < 16H’WH1||7~UH2
k20 \ 20, 714IK]
In dimension d > 2, on the other hand, the best possible bound is
<3[jl Vi, ke Z"\{0}, |j] # [kl (2.46)

Hk! i

Indeed, if ||j] — ||| > 1, (2.46) follows trivially, while if || — |k|| < 1 one has |j] < |k| 4+ 1 or
k[ < |j| + 1 and
1 ' k
e
71 = 1Rl (151 = 1%/
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Thanks to , a computation similar to the one performed in (2.45) yields o

9le|

16 lelislwlly (2.47)

| A1 2w, w]w]|? <

for the case d > 2.

We can therefore explicitly write the operator matrices

e (5) = (sl Gt o)

and

N AN Au[’u}, w]ﬂ + Clg[w, U_)]ﬁ + 2A12[w, a]u_) + 2012[11_1, 6]111
K(w, w) <5> = <A21[w, wla + Con [, @la + 2Ag1 [w, a]w + 2Con [, mw> - 24y

It holds the following quantitative result:

Lemma 2.4.2 Let mg be as in ,ﬁ)r every triple ofcomplexfunclions u, v, h and all real s > 0
it holds

3|C| ]

lAw2fu, v]hlls < ==llullmo[0llmoll2lls,  1C2lu, v]hlls < S lullillvll1llAlls.

Proof: This follows directly by performing the same computations of Remark O

Lemma 2.4.3 Forall s > 0, all (w,w) € H"™(T", c.c.), (o, &) € H{(T™, c.c.) one has

[« 7|c|
o (2)] < ol (249
[« 7|¢| 7|l
@ (2)] < Zdiuttalol. + Dol ol @50

Finally, there exists 61 > 0, such that, if ||w||;,, < 01 the operator
I+ K(w,w): Hy"(T", c.c.) — H)™(T", c.c.)

is invertible with inverse satisfying

H(I+ K(w,w))~} <Z>

where C a'epends oM C.

Proof: From (2.50) it is clear that, for a fixed (w, w) € Hy"™(T", c.c.), I+ K (w, ) is abounded
operator from Ho °(T™, c.c.) into itself. Having that

o ()

< C(llells + wllmollwlislltllmg) — for every s > mo,  (2.51)

S

21|¢|
< TH

770 el mo
mo
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Now, using the Neumann series we can compute explicitly that

:H<z+z K" ))(Z)

Finally, by induction one can verify that

n n—1
7\c| 21| ¢ 7|¢]
i (2)] = ( ano> ol + <8kufm D o

n—1—
7|¢| 21|¢| 7|c|
Z( g llw ||m0> ( [ 1 [@lmo llwllsliallimo,

Jj=1

|1+ 5w, 0

o)

S

_l’_

s0, imposing for instance
[wllme < 61 :=+/4/(21]¢]) (2.52)

we can derive O

By using the same contraction argument as in [6] Lemma 4.3, we can also prove that the map
®®) is invertible near the origin:

Lemma 2.4.4 There exists 3 > 0, such that for all (n,77) € Hy* (T", c.c.) in the ball

[7llmo < 02,

there exists a unique (w,w) € HJ"(T" c.c.) such that ®®)(w,w) = (n,7), with ||w||m, <

2|7]lmq-
If, in addition, n € H(T™, c.c.) for some s > my, then w also belongs to HE, and ||w||s < 2[|n|s.

Proof: Following the idea of the original proof, for a chosen element (n,7) € HJ™ (T, c.c.)
we want to find a fixed point for the map

U (w, w) = <;_’> — M(w,w) (Z) .

Let us consider the ball Bg := Br (H"™(T", c.c.)), a direct application of (2.49) shows
that U maps Bp, into itself if

Tl
17]rmo + |8|R3 < R. (2.53)

It remains to check if ¥ is a contraction:

10 (w1, @) — O (w2, W2)||me = HM(wl,wl) <gi> — M(wy, ) (wQ)

w9 mo
1
_ _ _ w)p — W 21lc
< / K(w2+9(w1 — wy), we + O(w *11)2)) <_1 _2>‘ df < | ‘R2||w1 W2 mg -
0 w1 — w2 mo
Hence U is a contraction if o1
SC’R2 <1 (2.54)
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By choosing R = 2||n]|,, and using (2.53) together with (2.54) we have that ¥ is a contraction
in the ball Bg if ||1]|m, < 62

5y = (21]c]) "2

O

Lemma 2.4.5 For all complex functions u, v, h, y one has

<A12 [ua U]yv h> = <y7 A12 [ua U]h>, <012[U, U]ya h‘> = <y7 Cl?[u’ U]h>>
Apa[u, vy = Aialu, vy, Cralu,vly = Ci2[u, v]y,
Aiofu, v]A°y = A*Aja[u, v]y, Cra[u, v]A®y = A°Ciafu, vy

From these relations it follows that

<M12(ua U)yv h> = <y7 Ml?(ua U)h>7 <M21 (’U,, )y, h) = <y7 M21(u? U)h),
Mo (u, ’U)h = Mlz(ﬂ, @)iL, Moy (u, ’U)h = Mgl(’a, Z_J)B,
[Mlg(u, U), AS] == 0, [le(u, U), As] = 0.

Mlg(’u,, U)h = Mgl(’v, u)h

and
M (u,v)Dy + D1 M (u,v) = 0. (2.55)

Proof: It follows directly from the definition of A and C'in (2.42) O
Lemma implies the reality structure of the vector field X (1)

Lemma 2.4.6 The Vectorﬁeld x® preserves the real structure (1.20), ie. (X(l))l = (X(l))Q.

Let us now analyze X (Zlg , defined in (2.41). We have:

XD (w,@) = —Ka(w, @)D (M(w,w) <Z)>+K2(w,w)pl (cp(3>(w,w))

w

+P(w, )D; <M(w, ) <w)> + (Kg(w, @) + Ko (w, w)) Dy (q><3> (w, w))
+X 8 (w, w),

where

W(w,@) = (I + Ka(w, )" Bs () (w, )

+ [53 (q><3>(w,w)) . Bg(w,w)} + (—Kg(w,w) n f@(w,m)) By (<I)(3)(w,w)> .

Now, we have from (2.55) and (2.40) that
(M(w7 ﬁ}) + K2(w7 w)) Dl <g) = 83(w7 ’LZJ) - XRes,3(wa ’LZ)), (256)
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hence it follows that
—Ko(w, @)Dy (M (w, ®)) + f(z(fw @)Dy (I + M(w,w))
= —Ky(w,w)D1 (M(w,w) +Z 1)"K3(w, @)Dy (I + M(w,w))
= Ka(w, ®)M(w,®)Dy + > (—1)"K3(w, @)Dy — Y _(—1)"E*(w, ®) M (w, w)Ds
n=2

n=2
[eS) )

= = > (—)"K3 (w,®) K (w,®)Dy = Y (=1)" K3 (w, @) M(w, ©)Dy

n=1 n=1
= = (-1)"KF(w,w) (K (w,®) + M(w,)) Dy

= Ky(w,w) (I + Ko(w, )" (Bs(w, ®) — XRes3(w,@)). (2.57)

On the other hand by and we have

P(w, ) D <M( )<Z)>+(Kg(w,w)+l~(2(w,w))l)3<<I>(3)(w,w)>

= P, 0) SR @)Dy + Pl ) S (1)K (0, 0)Dy (M, 0)
n=1 n=0
= —Z D"K™(w, w)K (w, w)D; —P(w,w)i(—l)”K”(w,w)M(w,w)Dl
= —P(w, w) (I + K (w, @)™ (By(w, @) — XR:;O(w, w)) . (2.58)
Now, putting together (2.57) and (2.58) we get
X0 (w, @) = (I+P(w, @) D1 + XRess(w, @) + XL3 (w, D), (2.59)
with

Lemma 2.4.7 For all s > 0 and for any pair of complex conjugate functions (w, w) we have:

B @), < lellwlluls, | Xnenslw @), < Sl (261)

moreover, if ||w||m, < 6o and for all complex functions h, we have
IP(w,@)hll, = [Plw,@)[Alls, 0 < [P(w, )] < 3efflw]i (2.62)
1Bs (w, m)l, < 2¢*[wlfi [wllFflwlls (2.63)
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Proof: Estimate (2.61) follows from the definition of B and Xges 3 in (2.32), (2.43), (2.44).
Estimate (2 - follows from (2.39), while estimate can be derived from (2.62) together with
(2.35). O

Lemma 2.4.8 Forall s > 0, all (w,w) € H§(T™, c.c.) N HJ"(T", c.c.) with ||w||m, < do we
have )
1 _
| X8, < lelol w2l (.64

Proof: It follows from the expression of X>g(w w) in (2.60), together with the estimates

contained in Lemma[2.4.7] O
Let us now compute the contribution of the term Xges 3 in the energy estimate:

2Re (<Asw, A2XR95,3>)

= (AM°w)(A*XRes,3)y + (A*XRes3); s A'0) (2.65)
ic ic g2
= 35 Z FiE WW_jWW_f, — 5 Z ]j]2ij,jwkw_k =0
J k#0j]=Ik| J k#0j]=Ik|
and then
aullwl? B 2Re ((A%w, A* (1 + P(w,®)) Di + Xness(w, @) + X (w, ))))

o
@ 1

2Re <<Asw, A XY (w, w)>)
224 2C1el2 w12 241112
< el Jwl|5, lwlIF]lwl]3

2.5 Normal form: second step

As in the previous section, the goal of this section is to construct a normal form transformation
in order to eliminate the resonant degree-5 terms. The main result is the following:

Lemma 2.5.1 (Normal Form Second Step)

There exists 4 > 0 (defined in (2.85) ) and a map
oW . 3254(1{5”0 (T", c.c.)) — Bs,(H)™ (T", c.c.))
that conjugates system (2.33) into a system of the form

Oi(a.3) = <1+7>( <4><q,q>)> (D1(4:9) + Xres3(4,) + XRes,s(4: @) + X57(4,0),

where XRes 5(w, W) consists of homogeneity-5 resonant terms and is defined in (2.79), (2.80) and

X (>27) (w, w) is bounded and contains the remaining terms of homogeneity greater than 7.

Finally, the terms | 1+ P (2™®(q,q)) | (D1(q,q) + XRes3(2, 7)) and Xres5(q,q) do not con-
tribute to the energy estimates, namely the Sobolev norms of the solutions of the system

Oila.a) = (1+P( 2@(q, >)><Dl<q @) + XRes3(0, D)) + XRes5(4: )

are constant.
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We start by splitting
XU = PXRess + X5 + X)

. . 1 . .
where P XRes 3 does not contribute to the energy estimates, X 5( ) only contains terms with

degree 5 and X (>17) contains the remaining terms with degree > 7. In this way, the vector field

XM in can be written as
XD (w, @) = (I+P(w,d)) (D1 + Xness(w, @) + X5 + X1,
1. Since the operator Ky is quadratic, the degree-5 five part of
Ko(w, @) (I + Ka(w,@)) " (Bs(w, @) — XRes,3(w, m))

K(w’ ﬁ}) (63 (w7 ?IJ) - XRes,3(w7 ZT})) . (2.66)

2. By recalling the definition of P in , we have that the degree-5 part of
~P(w,w) (I + Kz(w, )" (Bs(w, @) — XRes,3(w, ))

is
cQ(w,w) (B3(w, W) — XRes,3(w, w)) . (2.67)

3. By recalling the definition of B5 in we have that the degree-5 part of
(I + Kafw, )" Bs (%) (w, w))

is
—cQ(w, w)Bz(w,w). (2.68)

4. Finally, concerning the term
185 (29 (w,w)) — By(w, )],

by recalling the definition of ®®) = Id + M and Taylor expanding in (w, @) we have

Bl (w, w) M (w, w) (?) , (2.69)

w

where Bj(u,v) is the Gateaux derivative of Bs in the point (u,v) and acts on pair of
functions («, ) in the following way:

e () - -]

_%C( (Av, Av) — (Au, Au)) (g) .

By collecting (2.66), (2.67), (2.68) and we have

X (w, @) = —K(w, ) Xpes 3(w, @) + By (w, )M (w, v) (g) (2.70)
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and, consequently

+ (—Ka(w, ) + Ka(w, ) Bs () (w, )
B4 (20 (0. 0)) ~ Bt 0) - By )M 0) ()
Ko (w, @ [ (q><3> w w) - Bg(w,w)} + Ko(w, @)Bs (q><3>(w,w)).
From a direct calculation we have:

Lemma 2.5.2 For all s > 0, all (w,z) € H§(T™, c.c.) N H"(T", c.c.) with ||w||ym, < do we
have

1 63 1
| X0, 2)|| < TleP il lwlfiwls,  [x80w,2)]| < ClefJwlih,lwlfilol,

Let us consider the following change of variables:

() =090 = 1+ M) (2). @)
where

M(q,q) = Alg,q,49,9) + Bla,¢.4,3@ +Cla, 4,7, 7 + Plq, 4,4, @ + Flq,q,4q] (2.72)

is a generic map in the space of quadrilinear operators. We write

_ (Aunlg.¢.9. 4] Alz[q,q,q,q]>
Alu, v uf = <A21[q,q,q,q] A22(q,4, 9, q]

with ;
Anle.q® 4% .40 =37 ") qC) hean (.1 ke
7Lk

and similarly for the other terms.
We assume moreover the following symmetry relations:

= Alg?,¢W,¢®), W] = A[g, ¢, ¢W, ¢¥)]
Blg",¢?,¢®,q = B[¢®, ¢V, ¢®,q]

C[q(”, ° 7(7(”, @] =cle?.qW.q",q?) = clg™.¢?.q% g
’F[q(l)7 q( )7 q( ) q(4)] = ’F[q@)? q(1)> 6(3)’ q(4)] = ’F[q(l)7 q(2)> 6(4)7 q(3)}

Finally, in order for ™ to map complex conjugated pair of functions into pairs of complex
conjugated function, we assume

Mii(q,q) = M22(q.0),  Mi2(q,q) = M21(g. Q).
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Similarly to the first normal form transformation, we have in the new set of variables:

1+ K)o (1) = x* (#9(0.0)

where

K (§) - Mo +aa) (3)

and

0.0 (5) = (2Al0.00a.l+ 2410.0.0,0] + 2610,0,0.0)+ Bl 6,01
+Bl4, 49,9, 8] + 2Clg, @, ¢, 4] + 2C[q, 4, 4, 5] + Dl 4,4, g
+Dlg. 8,3,3) + 2Pg. 4.7 5] + 2714 8,34 + 2F(3.4,7. 8] (3) :

Hence, we can write
o (1) = Xa0)i= (14 K0, X (090.0)
- <1+7> (@<4><q,q>)) (D1(g, D) + Xress(a, D) + X5 (0.0) + X2 (0. 0).
where
X000 = X0+ 21 (M) (1)) - K0P a0
is the part with degree-5 and
x@a) = [1+P(2900)] (-0 +K@.0) (37 @0 - X (0.0))
+P (2@(g.q >) (x(q.0) - X<”<q,q>)
[1+P( )} ( q) +K(q,q ))XResg(q 7)
( (4,9) + K( q,d)) Y(¢.9) (2.73)
+[14P (2900, 0)] (1 + K(@,0) " [Xress (20, D)) ~ Xeoss(a,)]
+ I+ Klg. ) X7 (29, >) X (a.q)]
+ 1+ Klg. ) x4 (29(.9))

is the remaining part with degree > 7.
We start by analyzing the first component of X éQ):

(X§2)(q7€7)>1 ( xPq, q)) — 2iMi2(q, 9)AG — <5(q’q_) (ij\i‘q»l'

By recalling the expressions of X 5()1) in and of K in (2.48) and recalling that
c c
Q(q,9) = 5 (Mg, q) +¢(Aq,q) + 5 (Ag, q)
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and that

we have

(= K2(q, D) XRes3(0:0), = —24A12[¢0 (XRes3(¢:0));] 74— 2C12 [0, (XRes,3(4,7)),] G
_ALQ[Q7 Q] (XRes,3(Q7 Q))Q - 01,2[@ Cﬂ (XRes,S(Q7 Q))Q ;

(B0 (g))

— _z'c( (AG, Ay 5[7, glq + AC12[q, qlg) — (Aq, AA; 5[q, qq + AC12[7, 4 ) ) 7
(A2, A7) ~ (A0, Aq)) (A1 2lg. g+ C1 ol alo)

= —ic <AQ7 AAI,Q [677 (ﬂq> q —ic <A67 ACL2[(I7 q}‘]) (j + ic <Aq7 AAl,Q[CI; q]‘j) q
. e, L ic,
+ic(Aq, AC12(q,4)q)  — B (Aq,Aq) A12[7.q)q — B (Aq, Ag) C12[q,4lq

e C
5 (Aq,\q) A12[q,qlq + ) (Ag,Aq) Ci2[q, dlg;

*2iM1,2(Q7 Q)Aq = *2Z.~/41,2[Qa q,4, Q]A(Y - 21’81,2[(15 q,4, (ﬂAq - 2ic1,2[Qa q, (j) Q]Aq
_2iD1,2 [Q7 Q7 Q5 Q]Aq - 2if1,2 [67 (jv 67 Q]AQ5

(a0 (),

= 2iA11(q,Aq, q,9]q + 2iA11]q, ¢, ¢, Aqlq + 2iB11[q, Ag, ¢, 4lq + iB11[g, 4, Ag, 4lq
—iB1,1(q, 4,9, Aqlq + 2iC11]q, Aq, 4, lq — 2iC11[q, ¢, G, Adlq + iD1,1[Aq, G, G, 4lq
—iD1.1(q, AG, G, Glq — 2iD11lq, 4, 4, Adlq — 2iF11(G, AG, 4, g — 2iF11(3, G, G, Aglq
+2iA1.2(q, Aq, ¢, 4G + 2iA12[q, 4, ¢, Aq]q + 2iB1 2]q, Aq, ¢, Gl + iB12]q, ¢, Mg, G]q

_iBI,Q[qu q,4, AQ]q_ + 2iCl,2[q7 Aq7 67 Q]q - 2i01’2[q, q, q_') AQ]q + iDl,Q [ACL Q7 q_7 Q]q
_Z.,Dl,2[Q7 Aq—v qa Q]q - 2iD1,2[q, (17 67 Aq]q_ - 22.]:1,2[67 Aq—v 67 Q]q - 217:1,2[@ Qa (77 AQ]q_a
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Collecting all these terms, we obtain

(xP@a) = —2402[0. (X (0.0),] 12012 [ (X5 (0.0),] 7

_AI,Q[Q7 Q] (X?—,’—(Qa 67))2 - 01,2[(77 (j] (X;_<q7 Q))Q
—1ic <A67 AAI,Q[Q) CI]Q> q —ic <A(jv ACl,Q[qa q]Q> 67 + ic <AQ7 AAl,Q[qa Q] (j> Cj
. i, L ic,
+ic(Aq, AC12(q,4)q) G — 3 (Aq,Aq) A12[7,qlq — 3 (Aq, Ag) Ch 2[q,qlq
1C L 1C
t5 (Aq,\q) A12[q,qlq + ) (Mg, Aqg) Cr2[q,4lq
_QiAl,Q[q7 q,4, Q]A(j - QiBl,Q[Cb q,4, (ﬂA(j - 2icl,2[q7 q, g7 (ﬂA(j
_QiDI,Q[Q7 qa @ Q]A(j - 2if1,2 [67 CL Qa Q}Aq
+2iA1,1(q, Aq, ¢, qlq + 21.A1.1(q, q, 4, Aqlq + 2iB11[q, Mg, q, Glq + iB1.1[q, ¢, Ag, Glq
—iB1,1(q, 4,9, Adlq + 2iCy 1[q, Aq, G, glq — 2iCy1[q, q, G, AGlq + iD1,1[Aq, G, G, Glq

_ipl,l [Q) Aq: Q7 (ﬂq - 2/L-l)l,l [Q7 (17 (jv A(ﬂq - 27;-F.1,1 [Q) AQ7 67 (ﬂq - 2fL’JTl,l [Q7 (,?7 (j, Acﬂq

+2iA1,2[Q7 Aq7 q, q}(j + 2i-'41,2 [q: q, 4, AQ]q + 22‘812 [q: Aq7 q, (ﬂq + iBl,Q[qv q, AQ7 Q]q

_Z.Bl,Q[qu q,4, AQ](I + 2iCl,2[q7 AQ7 q_7 Q]q - 2icl,2[Q7 q, 67 AQ}Q + iDl,Q [ACL Q7 q_7 Q]q

_iD1,2[Q7 A‘Z Q7 (j]q - 2iD1,2[Q> 67 (ja Aﬂq - 21']:'1,2[67 A‘Z (ja Q]q - Qifl,Q[(ja Qa 67 A(ﬂ(j

We now select the operators A, B,C, D, F in (2.72) and the corresponding Fourier symbols
a, b, ¢, d, fin order to cancel out as many terms as possible from X5(2).

Since, in Fourier variables, the terms involved in the expression of X 5() ) are monomials in the
variables ¢;, g; we start by separating the terms with the same homogeneity in the variables ¢
and ¢

(1) Terms containing the monomial q1q_1q;9_;qx:
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ic . .
3 (Aq,Aq) C12[q,q)q + 2iA11]q, Aq, g, qlqg + 2iA11[q, ¢, ¢, Aglq

. 2 20,412
ic U=g ke . . . ik-
= 5 > ||l||41“k|%0—jqzqz%em+21 > e (i, 1 k) g jag-igee™”
J.Lk#0 4,0,k#£0
+> [lar1 (5, 1, k)giq-—jqa—ique™”
. 2 21512
. . . . . ict |l714] "
= 2 ARG+ 2 R - — 1qiq_iqre
Ej(mm il +2iann (L R = g1 ) aa-igj0-sake

Jslk#0
i 2P i PR -
= Y (2ianG Lm0+ - S LI i ﬁM%%mwa
j,l,k;éo( 16 [j] + [k[ 16 [I] + |K|

then we can choose a;; to be

& RGE [ 1 |
k)=S0 , n . 2.74
(i, k) MMHH@HMINHW> (274

There are no resonant terms of this form.

(2) Terms containing the monomial q;q_jq1@1q_k:

—2A1 [q, (X5 (¢, 9),] @+ ic (Mg, AA12[q, q)7) G — ic (A7, AC12[q, qlq) G
_QiBl,Q[qa q,4, Q]Aq + 21’[)’172[(1, Aq7 q, q_]q + iBl,2[q, q, AQa (ﬂq - iBl,Q[Q> q,4, Aﬂq

SR — Mgl FRLECEr)

. 2
l l _ 1. c _ L.
W g jq@dre™™ — - > 44— Q@g-re™"

;2
:%Z

4,0, k#0 1l = [&] IR =11l
ic® FRUE S ika o , B T
+ > sk —2i Y |klbi2(, 1 k)ajq—jai@idwe
Jil,k#0 J 4,1, k#0
+2i > 1lbia(h L B giq—jq@d-we™ " +i Y b0, 1 k) gia—ja@ig-re™
J,Lk#0 4,1,k#0
=i Y |Ubi2(j, 1 k) giq— jqi@q-re™
]7l7k¢0

ic PR = ophalll s 1P = o) ez |2

1
= : +
2 (4 1] — [k 4 il =1 4 {71+ 11

Jbk#0

+2ib12(4,1, k) (|7] — k\)) 49— Qqg-re™,

hence
| CgMsl g sl g
oGl k) = CHPIE (=00 =) 1 ) 1ooy
o 8 1] — k] =1t 1+ ) k] = 14l

The remaining resonant terms are given by

L k] <] I
3 i P2 (=08 1=y 1
& 8 1] — [k il =11 g+ 1]
1=k

_ ik
)) G- QqQq-re™™
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|51

ic[5]2)1)? 1 L =9y, "

= . 69— Q@q—re”™™. (R1)
Z 8 g+ =)

|7 1=Ik|

(3) Terms containing the monomial q;q;q_1G1G—k:

@, (X$(a.9)),] @ — ic (AG, AA12(q, qlq) G + ic (Mg, AC12[q, q]q)

q
—2iD12[q,q, G, q|AG + D1 2[Aq, G, G, 4)G — iD1,2[q, AG, G, q|7 — 2iD12[q, 4, G, AG]q

; ¥l (120712 F
ic? |»7|2m25l ik i I = 6) L
= —— ) 7’.’”;" QijQ—ZQZQ—kelkI—FZ > =T 0 T G1@d—re™
Jil,k#0 J 4,1,k#£0 J
2‘62 j2 l 2
I ||l||+‘ |’ 9950109~ we™T =20 Y din(3, L k) (5] k)4 @ a-i@g-re™
J,Lk#0 4,1,k#0
_ ¥ ( i lIPIPe, i |.7| 1P =80) e 3PP
kA0 ENE 1] — 1] A ]+ 4]
—2id12(j,1, k) (|5] + \M)) 4G A1 @k "
hence
1] |71
ic?|jlll| oy Loy 1 1
d12(j7l7k) = - + - - . (276)
8 I+ 1k =150 T+ 151 ) 1]+ [l

There are no resonant terms of this form.
(4) Terms containing the monomial q_;q;g_1@19x:

C
—C1210,q (X5 (¢,0), — 5 (Aq, Ag) A1 20q, @lq — 2iF11(q, Aq, 7, @lq — 2iF1.1(q, 4, 4, Adlq
2

. k . k
i iRl i PP =)
= - - G -1aake’ T 4 — G0 7-1qqre™
2 T 2 T
2 ST fuG LR+ TG g™
J,Lk#0
|k |k
202 |J| |l|251 202 |J| |l| (1 5; ) . . . o ik
IR0 J
hence
|K| |kl
521 Oy A=)\ 1
16 gL+ 1kl L3 = 1kL ) L]+ 1

There are no remaining resonant terms of this form.
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(5) Terms containing the monomial q;q_;G_1q19xk:

ic ic
—Avolg, ] (X57(0,9)), — 5 (A2, Aq) Cr2la, dla + 5 (Mg, Ag) Av o[, dlg
+2Z.Cl71 [qu Aq7 q_7 Q]q - Qicl,l [q7 q, Q7 AQ]q

: &l slK|
ic? 312122 (1 = 6,3))d, I 72 31212 o
= -5 3 |'y_|/<;|yj| < QjQ—jquQZlemx-&-? > ".,L |’k,qﬂ—quqm€m
G0 J o
; ||
ic? P11 = 8y L ika o . . e
-5 2 = k] U o saqane™™ — 20 > en( L k) (U — i) aja—d-iqiave™
Jbk#0 3,1,k#0
.2~2l21_5‘k‘5|k| .9 1121712 .2'2121_5|k|
B Z ic? 1151015 |j|) e Vi ic? 11°11=( u|)
2 T SR 8 -k
~2ien (G, L k) = 131) ) a4 7-diae™
hence
. _ slkly sl&| _ skl _ sl
e (o) = LI U045 0 L Um)) L0 (2.78)
o 16 = |k Ikl =k =14
The remaining resonant terms are
||
el L (O S b
_ q_ a0 T R2
>3 ST k] | st (R2)

71=I1]
As they are not needed in the calculation, we set

Ai2, Bi1, Ci2, D11, Fi2 = 0.

By recalling and , we have that the resonant vector field of degree 5 has first com-

ponent

|1
ic?[5]?[1? 1 L =0y, .
(XRes5(¢:0)); = . - 49— Q@q-re™"
. ! jz%m 8 A+ =1

(2.79)

k

P (1 1=
EREEREE

+ ) G557 10qre™ "

l31=1

Analogous calculations lead to

Aai1, Baa, Ca1, Dag, Fo1 =0,
Ao = Fi1, Ba1 = Ci2, Co2 = Bi1, Foo = Ann
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and

21 121712 1— 5|J|
_ vl 1 1

(XRess(0:0)y = — Y . . 0 35q-19-19r€™
’ 8 l !
Pt HESUERrIE

(2.80)
Lo _ skl
oy ) e
g8 G+ TRl 1=k

Lemma 2.5.3 The vector field X2) preserves the real structure, namely (X (2)) = (X (2)) ,

Proof It fo lows from the definitions od a11, b12, c11, di2, fi1 in (2.74), (2.75), (2.74), (2.78),
=

We now collect some basic estimates on the operators A, B, C, D, F:

Lemma 2.5.4 For any complexfunctions u, v, W, 2, h andfor all real s > 0, it holds:

[, v, w, 2hlls < Ellullyllels ol izl 3 7]

3¢ |l 10l 10 [l g 112 o 12l s

26|l g 10l 10 [l g 112 o 12l s (2.81)
Ellullafollllwllllzl )R]l
llullalollllwllllzl )R]l

| Bi2]u, v, w, z]h||s

[ ]

[ ]

IC11[w, v, w, z]h||s

| D12[u, v, w, z])h||s
[ ]

(VAN VAN VAN VAN

| F11[u, v, w, z]h||s

Proof: It fo lows directly from (2.74), (2.75) , (2.76), (2.77), (2.78), together with a repeated

use of (2.46). O

Lemma 2.5.5 Forall s > 0, all (u,v) € Hy"(T™, c.c.), (o, ) € HE(T™, c.c.) one has

o )
e )

Moreover, there exists &3 such that, if ||u||m, < 3, the operator

IA

122 [[ull g llels (2.82)

s

IN

12¢2 [l (ltellmollvl]s + 41l sl exllmo)- (2.83)

s

(I +K(u,v)): Hy"(T", c.c.) — HJ"(T", c.c.)

is invertible with inverse satisfying

H(I + K (u,v)) 7! (g)
In our case C = C(c?) and 63 = (60c2)‘1,

Proof: Estimates (2.82) and (2.83) are a direct consequence of (2.81), while (2 - follows
from an apphcatlon of the Neumann series together with (2.83} D

< C (ledls + Nl el sllerllm) - (2.84)

s

[
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Lemma 2.5.6 There exists a universal constant 64 > 0 such that, for all (w,w) € HJ™ (T, c.c.)

in the ball ||w||;my < & there exists a unique (q,q) € Hy"™ (T™, c.c.) such that dO)(u, v) (w,w),

with ||qllmg < 2[wlimo-
If, in addition, w € H for some s > my, then q also belongs to H and |ull2 < 2|jw]s.
(in our case

1
64 = (385¢%) 4 (2.85)
Proof: The proof is the same as in Lemma with the use of (2.82) and (2.83). O

If we perform an energy estimate on a solution of

) (g) — X®)(g,q) = (1+7>( g, >)> (D1(2,0) + Xres.3(0: D)+ Xres,5(0,0)+ X 0, )

since the terms (1 + P (W (q,q))) (Di1(q, @) + XRes,3(¢,q)) give zero contribution, we

obtain

oc(la?) = ((XxP0.0) A%a) + (4% (XP(a.)) )

(2.86)

= ((Xress(@.0); + (X (@ 0))  AZ7) + (420, (Xressla.0)), + (X2 (0,) ).

Then the first non-trivial contribution is given by Xges 5.

By recalling (2.79) and (2.80) we have

<(XRes S(Qa ) AQS > + <A28 XRes 5((], Q)) >

1]
iR (o 1=y
= . -7 G- NNG—k Tk 2.87
2 s \prm ) v (287)
71=1k]
+ el : 1_5||lk|l) 459-7G-1319%G (2.88)
14— 41019k K .
2 s \UeE ) v
. |1
N Z CQ]PUP( : 6“) 145 9-19-19K9—k
8 |+ |1 i1 )7
ot L1 =1
sl (L Lo
+ -G N9—19—kq—Fk-
2 s e e
By renaming j < k in equation (2.87) and j <+ [ in we have that
{(XRes5(2, 7)), s A*7) + (A**q, (XRes5(4,7)),) = 0. (2.89)

Equation (2.89) implies that also Xges 5 does not contribute to the energy estimate, there—

fore we need to quantify the contribution of the higher order term x& >7, defined in
Let us quantify it:
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Lemma 2.5.7 Forall s > 0 all (q,q) € H5(T", c.c.) N By, (H{™(T™, c.c.)) one has

2 _
|X@@a)| < cillalt, Il lall, (2.90)
where ¢q is a constant depena'ing on c.

Proof: It follows from the definition of X (227) in (2.73) together with estimates (2.83) and (2.49).
O

We can therefore improve the energy estimate on the solutions of the new system:

Lemma 2.5.8 LetT > 0, s > myg and consider a solution (q, q) € H§(T", c.c.)NBs, (HJ™ (T™, c.c.))
of
o(a,7) = X?(q,9).
then it holds
3u(lall3) < eallallm, lallillal? (2.91)

where ¢y is a constant depending on c.

Proof: Follows from (2.86), together with (2.89) and (2.90). O

2.5.1 Proof of Theorem[1.2.2

We now consider the maps ®(1), @), &®), &) defined in (2.6), (2.24), (2:36), 2.71).
Thanks to lemmas [3.5.1} [2.4.4/[2.5.6, we have that there exists a constant § depending on ¢
only, such that the transformation ® = ML) 0 02 6 dB) o &M@ is well defined

® : By (HI™(T", c.c.)) N Hy(T", c.c.) — H{(T",R) x Hi"\(T",R)
and invertible for all s > my. In particular we have:
l S—l . .
1 For all pairs of zero mean real functions (u,v) € Hg+2 (T",R) x H, *(T9,R) satisfying

[ll gy 2+ 0llp—1 <6, (2.92)

m0+§

1
2

there exists a unique pair (¢,q) = (¢,q) € H§(T%, c.c.) such that (u,v) = ®(q, 7).
Moreover, (¢q,q) = ® ! (u,v) satisfies the estimate

e < Collful ey + ol _y): (2.93)
On the other hand, if w € Hi(T4, C) satisfies

[[w]lmg < do,

1 _1
then (u,v) = ®(w,w) € Hg+2 (T4, R) x Hy *(T%R) is a pair of zero mean real func-
tions satistying

[ullgy 1+ llvlls—2 < Colfwls.

1
2
2 For every s > my, and every solution of (2.1)

we 00, T), H T2 (T4, R)) n C*((0, T), H. % (T4, R))
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on a given time interval [0, 7] satisfying

s ([0 g 3+ 1000(0) 1) < 0

the corresponding pair
(¢,q) == @ (u,ug) € C([0,T], H§(T?, c.c.))

is a solution of system
0(q,q) = X (q,9)- (2.94)

Moreover it satisfies the bound

mas [la(0)s < € max (u(t)l,3 + 0], y)

Similarly, if (w, @) € C°([0,T], H5(T4, c.c.)) is a solution of system (2.94) and satisfies

mo <0,
nax lq()[lme <

then the corresponding pair

(u,v) = B(q, @) € CO[0,T], H T2 (T4 R)) x CO((0,T), H.* (T, R))
are of the form
v =, ueC0,T), H:72(Th) n (0, T), HS 2 (T%).

Moreover u is a solution of equation (2.1) and

) < .
i (O, +10(0)],3) < € ma la(0)]

Proof of Theorem [1.2.2]

We proceed via bootstrap argument: thanks to the classical results of local well-posedness for
the Kirchhoff Equation (see [48] or [[1]) there exists a solution u of equation with initial

data (ug, vo) satisfying (2.92).

This implies the local existence and uniqueness for system (2.94) with initial data (go, qo) :=
@~ (ug, o).

Let us fix a pair of initial data (u), v) for equation (2.1) such that

1+ HUOH S Ep =

&= |[ugllyng 1

%7
then from (2.93) we get the following bound for the new variables (¢, @)):
N )
gl < 3.

It follows that the solution (g(t), g(t)) of the Cauchy problem associated with system
with initial data (¢, ¢;) is well- deﬁned and unique as long as (¢(t), q(t)) € Bs(H{™ (T, c.c.)).

By using the energy estimate we have

Oellallzm, < c2llallm,,
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and then .
1950
(1 = 3c2lg51S,,)

that implies the existence for times of order T' ~ g6,

The bound (1.14) for u € H™ is then implied by (2.92).
If, in addition (uo,vo) € H* 2 x H* % for some s > my then the energy estimate (2.91)
ﬁ

together with a Gronwall argument provide us the corresponding bound (1.14). O

1g(®)llmy <

)

o=
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Chapter 3

Formal Birkhoff Normal Form

This chapter continues the analysis of the resonances carried out in Chapter |2, using a com-
plementary and more algebraic approach based on the formal Birkhoft normal form outlined
in Section . The advantage of this method is that working at a formal level simplifies
the computations and avoids several technical issues related to the quasilinear character of the
Kirchhoff equation. At the same time, it provides a convenient framework to exploit the sym-
metries of its nonlinearity.

The main results of this chapter are Theorems and

In Section n we analyze the algebraic structure of Hamiltonian . In Section we
define the space of formal polynomials  and recall the formal Birkhoff normal form Theorem
together with Definition of formal action preserving terms .

In Section[3.2 we perform two step of formal BNF putting Hamiltonian in normal form
up to order eight. We then observe that the resonant terms of degree 4 and 6 are formally
action preserving (Lemmas[3.2.1]and [3.2.4).

Finally, in Subsection [3.2.4] we explain the code we used to implement in Wolfram Alpha the
proof of Theorem In Section 3.3{ we apply the same method to the generic Kirchhoff
Hamiltonian and prove Theorem d Finally in Section 3.5/ we study the qualitative
dynamics of Hamiltonian restricted to a finite number of sites (two).

3.1 Algebraic Structure

In the previous chapter, we have seen that, in complex coordinates, the Kirchhoft equation
takes the formulation

. 1
Oz = —iAz — % — Az + Az
2 ((1+ S(A(z+2),2+2)° 1) (Az+A2)

. 1
8,z =ihz+ i — 1) (Az+ AZ).
T2 <(1+§<A(z+2),z+2))2 1>( 42

Where A = |D,| is the Fourier multiplier for which
Aett® = |kle* 2 for k e 29
This is moreover an Hamiltonian partial differential equation, in the sense that, once con-
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sidered the Hamiltonian function
H : H:(TY) R

H(z7) = <Az,z>—2ic

(S(A(z +2), 2+ 7))
1+ S(A(z +2), 2 + 2)

system (3.1) can be written in the following form;

Oz = —1VzH(z,z)
é%f ::iY7zf{(Z,§)

Remark 3.1.1 Since the aim ofthis chapter is to show that the 8-order part ofthe Hamiltonian H
cannot be Birkhoff integrable, it is sufficient to restrict ourselves to the one-dimensional case T:

in fact, thanks to the Fourier-support invariance of the Kirchhoff Type equation enlightened in the
previous chapter, any solution of (3.1) whose initial data depend only on a single spacial variable will,
as time evolves, remain confined to the space of functions of that same single variable.

Let us take a closer look to the quantities involved in H: we have that

(Az,2) = il (AE+2),242) =D lil(lz* + 22— + 57— + |2-517).
JEZ JEZ

It appears a natural choice to set
I := |z and W;:=zz_;. (3.3)
We then have

(Az,z) Z|j|[ and (A(z+2),2+2) Z]] I+ W+ W;).
JEZ JEZ

Now, noting that W; = W_;, we can write

(Az,2) = > liIG=> i +1)

JEZ JEN
(Mz+2),2+2) = > IRL+W;+W;) =2 I +1_;+W; + W)
JEL JEN
Finally, by defining
Hy = |jl(lj+1-;) and P:=) [j|(W;+ W), (3.4)
jEN jEN

the Hamiltonian (3.2) become

1
2c

2. (Hy + P)°

H=H,—
2 1+c-(Hy+ P)

Remark 3.1.2 Let us note that the quantities I and W are not actual variables, they are only aformal
and more convenient way to group the terms involved in the Kirchhoff non-linearity.
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The Hamiltonian (3.5) can be written in the more compact way

H(z,Z)=Hy+ P (c- (H2+ P)). (3.6)

. 1 g2
h =—= .
with P(y) 511y
We now analyze the nonlinear part P (¢ - (Ha + P)):
in order to separate the different order of homogeneity we perform a Taylor series expansion

on F, obtaining

H:H2+H4—|-H6+...+H2n+h.0.t.,

_qyn (3.7)
(;cn (Hy+P)", n>2.
By (3.7) we have that the Hamiltonian (3.5) can be entirely written in terms of the variables

I'={|z]’}jez and W = {z;2_;}jez.
In particular, one has that

USVELENED SR (R B | BN | ORI ) e

a,beNY,meN% i€supp(a) i€supp(b) i€supp(m)
lal+[b]+|m|=n
supp(a)Nsupp(b)=0

H2n =

where N? is the set of finitely supported sequence on non negative integers whose index is an
element of Z and similarly for N?’ .
We write moreover m = (m~, m") with m* € N, in this way we have

-

_ my My

= [z 5
1€EN

Hence in the I, W, W variables we have that, to a formal level, Hamiltonian (3.5) can be
written as

=Y I+ 1)+ P W),

JEN
with
(71)n+1 2 n . a; - 1asbs mi
URTSED DE SR SUNNN RN BN § (RURIG TN § QTS § QT
n>2 a,beNY,meN% T i€supp(a) iesupp(b) i€supp(m)
lal+|b|-+]m|=n

supp(a)Nsupp(b)=0

Th Hamiltonian H is then a formal sum of monomials with the form I"W*W? for a,b €
NN m € N?, supp(a) Nsupp(b) = 0.
By keeping in mind the definitions of the variables I and W in , we have

ImWaV_Vb _ Za(m,a,b)gﬁ(mﬂ,b)’
where a(m, a,b), 8(m, a,b) € N} are the solutions of

ak:mﬁ—i—ak, a_ =my + ag, 6k:m¥+bk, ,B,k:m;—i-bk,k%()
(3.8)
ag = Bo = 0.
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We can hence write H as a sum of monomials of the form 2%z7, namely

H= Y Hapz"%’, (3.9)
a,BE Myirk

where

Muirk := {a(m,a,b), B(m,a,b) € (3.8) : a,be N?,m € N?, supp(a) Nsupp(b) = 0}.
(3.10)

Remark 3.1.3 (Symmetries of H) Let us note that Hamiltonian (3.9) has some important sym-
melries:

(1) Hop = Hpo;

(2) Hap=0,if Yepilai — Bi) = 0;
(3) ai—Bi=a—i— B
(4)

4) H is invariant under the change |uy|? +— |u_g|?.

2

Remark 3.1.4 Since Hamiltonian (3.5) is invariant under the change |uy|* +— |u_g|? or, equiva-
lently, in the I, W variables, Iklongleftmghtarrowf_k, 1fwe write the index m € NZ associated to

the variable I asm = (m™,m™), with m* € NY, we have the identifications between the coefficients

H

mt,m—,a,b

= Hpp - (3.11)

3.1.1 Formal Birkhoff Normal Form on Sequence Spaces

This section is devoted to give all the basic definitions and properties needed to perform the
Birkhoff normal form.

We will set our problem on a space of complex sequences based on H§(T,C), namely we
consider the weighted space

hy = {2z € *(Z,C): |2|2:= Z 171%%12j]* < o0}
JEZ\{0}
Within this theoretical framework, we need a class of objects that model the Hamiltonian ,

together with the properties enlightened in Remark This is the sense of the following
definition:

Definition 3.1.1 (Formal Power Series)
We consider the space F of Formal Power Series expansions in the variable v € CZ:

Z Haﬁzaiﬁ, 2% = ja7,
a,BGN? JEZ
such that:
1. Hyg = Heyo = Hpeo = 05
2. Reality Condition )
Hop = Hpa; (3.12)
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3. Momentum Conservation

Hop=0 if w(a,B):= jlaj—Bj) #0.
JEZ

If we consider the subspace F¢ C F of homogeneous polynomials with degree d, we have the
direct sum decomposition

F = @aenF",

This for every element H € F, induces the decomposition on H = 3",y H(?, where

FisHD = Y H,gun’
laf+]8=d

is the homogeneous component of H with degree d.
Finally we define the spaces F=" = @4, F¢ and F>"whose elements are the polynomials of
degree respectively < n, > n and have the form

H=) H'= > Hypu's’ and H=> H'= Y H,pu*d’.

d<n la|+18]<n d>n lor|+[8]1=2n

Since no convergence hypotheses are required in deﬁnition the elements of F¢ are
only formal homogeneous polynomials.
However if we restrict to the space of truncated monomials, 2*2” such that |a;| + |3;| = 0 for
j > N, then we have the classical space of polynomials, that can be endowed with the standard
symplectic structure ¢ . dzj A dz;.

J<N
This structure induces the usual Poisson bracket
oF 0G  OF OF
SR Z <8z] dz; 0z 8,2])
J<N

. 2 D) 22N a4a®_e; .31 4+82) _e;
= 0 D Faws0Gaw e 3 (8 — g )uc e e e,
Oz(i),ﬁ(i)GN% <N

where e, j € Z is the vector whose entries are zero except for the j — th that is 1.
The following result shows that this structure extends trivially to the space F.

Theorem 3.1.2 ([85], Proposition 2.5)
Given F, G € F the Poisson Bracket

. 1 2 1 2 (1) (2) _ (1) 4 5(2) _
{Fa G} =1 Z Fa(l),ﬁ(l)Ga@)’ﬁ@) Z (BJ( )Oé§ ) - Olg- )B]( )) e e 6 o ej
a(i),g(i)eN? JEZ
(3.13)
is well defined and endows F with a Poisson algebra structure which is a filtered Lie algebra w.r.. to
the degree.

Since the Hamiltonian (3.5) is of the form (3.9), it is not restrictive to set our problem in
the following sub-space of the formal power series:
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Definition 3.1.3 (Kirchhoff-Type Power Series)
An formal power series H is Kirchhoff-type if holds and

H,p=0if o, f ¢ Myirk,
where Mgk is a’eﬁnea’ in .

We denote by Fyiy sub-space of formal power series of Kirchhoff-type.

As we have seen in the previous section, the elements of Fy;, have an equivalent formal
writing in terms of monomials of the form I™WeW?, for m € N?, a,b € NI}I such that

supp(a) N supp(b) = 0.

We now want to focus on how the Poisson bracket acts on the elements of Fy;, and on the
principal quantities involved in their formal writing, namely I;, W}, H, and P.

Keeping in mind that
Ii=1
w_j=w; ’

we have the following commutation rules:

i) {L, I} ={W;,W,} =0 Vj, k €Z;

(W, Wiy = —i6(j], k)L + 1—y) Vi, k € Z

{2, Wit = i6(|j|, [k)W; V5, k € Z;

{Z;, Wi} = —id (|, [kDW; Vi, k € Z;

{Hs, ;} =0 Vj€Z (3.14)
{Ho, W;} = 2i|5|W; Vj € Z;

{HQ,V_V]‘} = —2i|j|Wj Vj € Z;

{Hy, P} =2i ) j2(W; — W)).
JEN

11

.e
oo

111

.

1v
v

V1

vi

)
)
)
)
)
)
)
)

viii

From the commutation rules in (3.14), it follows that the Poisson bracket between monomials

in the variables I, W, W is again the sum of monomials in the same variables.
We then have that the space Fi;y is closed under the action of the Poisson bracket.

Lemma 3.1.1 The sub—space Fir equipped with the Poisson bracket dcﬁnea’ in 1) is a Poisson
sub-algebra of the space of formal power series F.

Similarly to the Poisson bracket, the space of formal power series F inherits from the spaces
truncated monomials

{H €F:H= > Haﬂzo‘zﬁ},

a,ﬁEN?
a;,B8;=0,if j>N

the Lie exponential operator (3.15).
Unlike the analytic case, where one must satisty strict convergence criteria for the flow of a
vector field, the formal context allows for a purely algebraic treatment.
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Lemma 3.1.2 ([85], Corollary 2.9) Given G € F=" withn > 3, we defined

k
adg .= {-,G}, 0"} ::Zalj—f. (3.15)
E>0

We have that e\-C} is a linear operator F" — F™, moreover we have that adg and et"GY —1d are
operators of order d — 2 in the sense that

adg, et"0) —1d : F2h — Fhtd=2
Similarly for any sequence {by,}x>o one has that

> bradfy : FEI— FRitdn=2)
k>n

Definition 3.1.4 (Formal Symplectic Change)
For G € F=3, the operator e1C} defined in (3.15) generates an action on the space F, which is called
formal symplectic change of variables on the space F.

Definition 3.1.5 (Formal Integral of Motion)
An element F € F is a formal integral of motion for H € F=2, if

{H,F} =0.

Definition 3.1.6 (Formally Action Preserving Terms)
An element F € F is said to be Formally Action Preserving 1f

{Ij?F}:Oa VjGZ,
where I; = |2;]?.

The writing of the elements of Fy, in terms of the formal variables I, W defined in , is

then an useful tool to separate the formal action preserving terms from the others.
Thanks to Remark [2.3.2fwe know that the quantities |z]2| —|2—;|% j € Nare conserved for the

actual dynamics of the Kirchhoff equation, the same result holds also for I; — I_; in terms of
formal dynamic:

Lemma 3.1.3 The quantities {1; — I_;},; are formal integral of motions for H in (3.2).

Proof: We have

(M, H} £ {M,,Hy+ P (c- (Hy+ P))}

= (M. Ho} + (M, P (- (Ha + P))}
= {M;,P(c- (H2+P))}
= cP'(c-(Hy+P)){M;,H,+P}=0
since
{M;,H,+ P} =0.
O

In order to perform the Birkhoft normal form algorithm, one must be able to invert the op-
erator ad, on some subspace of F. To this purpose, we define

K :=ker(adp,), R :=Rg(adns,).
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Since Hy = Y ;7 |j]|2j|*, we have that ads, acts on the monomials of the form 22 a, 5 €

N? as a diagonal operator of the form
adp, (2°7°) = iw - (o — B) 227",

with w € NZ, vector of components w; = |7].
In particular,

R ={ReF:R(zx)= > Rap"y;
a,BEN?:
w-(a—B)#0

K =4ZeF:Z(z)= Y, Rapx"?’
a,ﬁeN?:
\ w-(a=p)=0

It is clear that we can decompose F = K & R.
We define moreover

K =Tra(K), K%:=Trwa(K), KZ?:=Trsa(K)

and similarly for R.
Finally we define the projectors on K and R as
I°H:= Y  Hypu'w’, TRH:=H-T"H
a,BGN?
w(a—pB)=0

Lemma 3.1.4 ([85], Lemma 2.13)
The operator ad , is invertible in Rdfor all d.

On the subspace Fy;, the Ker and Range of ad 7, have a similar writing in terms of the variables
I, W. Indeed, by setting @ as the vector of R with component &; = |j| and using the

commutation rules (3.14), we have that ad 7, acts on the monomials I W*W? as

ad g, (I™WOW?) 1= 2i& - (a — )W WP,

We then can write

Rur = kair(Rg(adH2)> ~A{ReF:RUW)= Y Zpa J"W W)
a,bEN%mEN?:
&-(a—b)#0
(3.16)
Kiie = Tpg (ker(adm)) =3 Z€ F: ZU0,W) = 3 Zpapl "W W

abENE)’,mEN? :
@-(a—b)=0
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The corresponding projectors are denoted by Ik, and Ilg,, , moreover we set

Kioe = rg (Kiar), Kigh = Mzea(Kiar),  Kigy = Tz (Kicir)

kir

and similarly for Ry;y.

Let us note that the same result of Lemma holds also for the subspace Fiiy.

We can now formulate the main result concerning the Birkhoff normal form on formal poly-
nomials, that we will use throughout all the chapter:

Theorem 3.1.7 ([85], Proposition 2.18)
Let us consider a_formal Hamiltonian of the form

H=D,+N,

where Dy, is a diagonal operator of eigenvalues w, and N° € F=% with d > 3. For every k > d, there

exists S € F2% such that
k

SN H) = Dy + 3 Zj + Ry,
j=d

with Zj € K7 and Rk+1 e F2htl,

Remark 3.1.5 Keeping in mind Lemma it is clear that the result of Theorem m transfcrs
automatically to the spaces Fiiy by substituting Ryiy and Kyiy in place of R and KC.

In our analysis, we perform three steps of formal Birkhoff normal form proving the existence
of terms of degree 8 that are not formally action preserving.

Moreover, since each finite subspace is invariant, when restricted to one of these sub-spaces,
these terms became non action preserving, not only to a formal level.

3.2 Formal BNF for the Kirchhoff

In this section we apply the Formal Birkhoff normal form Theorem to Hamiltonian
H € Fyy defined in 1'

All the computations will be carried out in the space of the formal polynomial of Kirchhoff
type. For this reason, all the quantity involved will be written in the formal variables I, W

defined in .

3.2.1 First Step of BNF

We want to apply Theorem in order to put Hamiltonian H, defined in (3.5), in formal
Birkhoff normal Form up to homogeneity 4.

Notation.

In what follows, the coordinates given by the Normal form we be designated with the symbol
w, however, we adopt the convention of denoting the quantities I, W, P, Hy defined in
and , with the same symbols in both the original and the Birkhoff normal form coordi-
nates. This slight abuse of notation will be maintained throughout, as long as no ambiguity
arises.

The main result we are going to prove is:
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Lemma 3.2.1 The formal Birkhoff normal form, up to homogeneity 4, of H is
HW .= Hy + Z4 + R>¢, (3.17)

where Zy € ‘ has expression 0) and is formally action preserving and R>¢ € fk has

expression (3.18)

We then need to construct a formal symplectic change of variable el-Fa} generated by Fy €
Fl., such that H®W = el~Fad ().
By Lemma the full expression of H®)

1
HY = Hy + Hy+ {H, Fa} + {Hy, Fi} + S {H>, Fu}, Fi} + He
adF4 adF4 adF4 (- Fy)
+> () + ) =t (Ha) + >0 = (He) + e Y 7 Ho,
k>3 E>2 E>1 ! j>4
= H2+I:74+R26,
where

Hy+ {Hy, Fy} € F.,

while the remaining order 6 part is

Rsg:= HW — Hy — Hy — {Hy, Fy} € F0. (3.18)

In order for H® to be in normal form, one should have { Hy, Fy} + Hy € Ky, and hence, the
generating function Fy must solve the (homological) equation

{Ha, Fy} + Hy = Zy, (3.19)
Where Z4 = H/Ckir (H4)

Lemma 3.2.2 The resonant degree-4 part, has the expression

C .
Zy= —§H22 - c%ﬂfjl_j, (3.20)
J

hence it is formally action preserving.

Proof: Le us take a closer look to Hy in order to analyze the structure of I, (Ha):
we have . .
Hy = —§H22 — cHyP — 5P?.

Obviously, since {Ha, H3} = 0, one has H? € Ky, hence

ey, (H3) = Hj. (3.21)

For what concerns the term Hs P we have that

{Hy, HyP} = Hy{H,, P} = 2Hy Y _ j*(W; — W),
JEN

74



then HyP € Ry and so
i, (H2P) = 0. (3.22)

Finally
P2 =" jk (W;Wy + W; Wy + 2W; W)
7,keN

moreover, from (3.14) it follows that
{HQ, WjWk} = 2Z(] + k)WjWk, {HQ, W]Wk} = Qi(—j + k)V_VjWk,

{Ho, W;Wi.} = =2i(j + k)W;Wy,,  {Ha, W;Wi} = 2i(j — k)W; W,

hence

H’Ckir(Pz) =2 ZjZWjo = 2Zj21jl—j' (3.23)
jeN JjEN

We can conclude that the order-4 resonant terms are

C (&
Z4:—7H22—§

9 Ui, (P2)'

By putting together (3.21), (3.22) and (3.23) we obtain the expression (3.20). O

Since we will need the explicit expression of the generating function Fy in the following steps
of BNF, we have to solve homological equation (3.19).
By (3.20) we have that the non-resonant terms of Hy are:

ORy (Hy) = Hyi— 24
= —cHyP - gzﬂ + gn,ckir(zﬂ)
c _ o _
= —cHyP — 5 Z Jk (WjWk + WjWk) — CZ WjWk.
7,keN j#k

We have the following

Lemma 3.2.3 Then order-4 homological equation (3.19) is solved by

icH- ic ik - - ic ik -
Fyi= 2 (W =Wy + 5 > ﬁ(WjkaWjWkH; > .J—kWJWk. (3.24)
jen jeen? jAkeN

Proof: We look for a solution of (3.19), namely F} of the form F, 4(1) +F 4(2) with F4(1) and Ff)
such that

(i) {Hy FY} =cHyP,

(3.25)
.. 2 C C
(i) {Hp F{"} = 5P = ST, (P?)
C . - = _—
=3 > GRWW, + WWe) +¢ Y GEW Wy
J,keN j#keN
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We moreover impose F| il) to be of the form cHsG, with G such that
{Hy,G} = P. (3.26)

Let us note that P is made by terms of the form W, W, hence, by keeping in mind the com-
mutation rules (3.14), one have that G must be of the form

G=> (ayW;+ B;Wy),

jEN
with a, j, 3; to be determined.
{H2,G} = { Hy Y (oW + B;W))
jEN

= > (aj{Ha, Wi} + 8;{Ha, W;})
jJEN

= > 2ili|(yW; — ;W)
jJEN

It follows that, in order for (3.26) to hold, one must have a; = —% and §; = % We then

arrive to

G= 52(% _Wj)v (3-27)
jeN
and hence -
1) icH» =
FY = ST - wy). (3.28)
jEN
Analogous computations led to
(2)  ic A ic jk -
FY == (W Wi =W, W) + 5 > === W;W,. (3.29)
42 Gtk 2 iy
j,keN J#kEN

O

Remark 3.2.1 From the definition of G follows moreover
(P,G} = Ho.
3.2.2 Second Step of BNF
We continue our analysis with a focus on the terms in FJ; .. The main result we prove is:
Lemma 3.2.4 Theformal Birkhcﬁnormalform, up to homogeneity 0, ofH is
HO® .= Hy + Zy + Zg + Rss,

I 6 : : : : >3

where Zg € K3, has expression (3.33) and is formally action preserving and R>g € F5..
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Similarly to the first normal form step, we look for a symplectic map ) = {6} gen-
erated by Fi € FP ., with the aim of removing all the non resonant terms with homogeneity
6 from

HO® .= H® 5 30,

Since we don’t need the exact expression of the generating function Fg;, we will focus only on
the structure of the resonant terms.

We have that
(3.1 d d
H©) } H2+Z4+R>6+{H2,F6}+ZaF6 +ZaF6 (Zs + R>¢)
E>2 E>1
(.18 _
N 4 74+ {Ha, Fs) + Hs + Ros, (3.30)
with
~ 1
Hg := Hg + 5{{H2, F4}, F4} + {H4, F4} € ]:}tzir
and

ad ad
R>g = R>¢ — Hp — *{{Hz, By}, Py} + Z F6 )+ Z F6 (Z1+ Rx6) € Ty (3.31)
k>2 k>1

Similarly to the previous step, we want {Ho, Fs} + Hg € Kyir, hence the generating
function Fi must solve the homological equation

{Ha, Fs} + Ho = Zs, (3.32)
with

o =TI, @{{Hz, Fu), By} + {Ha, F4}> .

Lemma 3.2.5 The resonant part with degree-é has expression

c? 1
Zs = 5 Halliy,, (P*) + Sl ({F}”, Ha} F{Y) (3.33)

and is formally action preserving.

. Let us note that, using homological equation (3 Wwe can write
~ 1 1
He = Hg + 5{24, Fy} — 5{{H2, Fy}, Fy}, (3.34)

we have to analyze all the terms involved in (3.34):
(1) Analysis of Hg:
Lemma 3.2.6 The resonant terms of Hg are given by

3¢? c?
H’Cki.« (HG) 7H2 + 7H2H,Cklr (PQ) + §H’Ckir (PS)' (3-35)
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Proof: We have
3c2 3
H fHQ + —H2P+ iH P2y P3

Since {Hz, H3} = 0 hence I, (H3) = H3.

By the rules of commutation in (3.14), we have that { Hy, H3P} = H3{Hs, P}. Thanks
o (3.14fviii), { H2, P} is a range element, then we have H3 P € Ry;,. We can conclude
that Iy, (H3P) = 0.

Finally, we have that Ix,, (H2P?) = Hollk,, (P?). O

Analysis of {Zy, Fy}:
Let us state the following general result

Lemma 3.2.7 If f € K and g € R then {f, g} € R.

Proof: In fact, being f an element of the range, there must be some function A such
that f = {Hj, h}.
Then, using the Jacobi identities and the fact that g is an element of the Ker, one has

{f, 9} = {{H2,h}, 9} = {H2,{g,h}} +{h,{H2,9}} = {H2,{g, h}}.
Od

Since Z4 € Kiir and Fy € Ry, thanks to the Lemma [3.5.4) we automatically have that

i\, ({Z4, Fu}) = 0. (3.36)

1
Analysis 0f—§{{H2, Fy}, Fy}:
Lemma 3.2.8

1 _ s o 2y, 1 (2) (2)y,_C 3
My, <_§{{HQ’ Fy}, F4}) = _5H2 —c Hollg,,, (P )+§H’Ckir({{F4 , Ha}, Fy })_EHKkir (P?),
(3.37)
where the term %H;ckir({{Ff), Hy}, F4(2)}) is formally action preserving.

Proof:

—{{H2, Fu}, Fy}
={{Fy, Ha}, Fy}

={{F, Ho}, FVY + ({FP) Ho ), FVY + {({FLY, Ho}, FYY + ({FYY), Ho), P(“f)})
3.38
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Let us investigate one by one the terms involved in (3.38):

1 1
({EY, B}, FVY (3.39)
B2 20 Hg,P H,G)
= —c?H2{P,G} — *PHy{H,,G} — *H,G{P, Hy}
SBR[ - PP, 4 2PHG Y AW — W)
JEN
(.27 - ) _
=1 _H} - AP H, + H, > (W =Wa) > 52 (W; — W)
JEN jEN
— —c*HY — P’ Hy + PHy Y 5> (WjWi + WWy — W; Wi, — W; W)
J,keN

A quick computation shows that

H’Ckir Ho Z j2 (WjWk + W]V_Vk — WjWk — W]V_Vk)
j,keN

= Hollg,,, Z j2 (WjWk + W]Wk — WjWk — W]Wk)
7,keN
—2H, »  j2W;W,
jJEN

5
[}
2

_H2HKkir (P2)-

Since i, (P2Hy) = Hollk,. (P?), one has

M ((LFLY, 2}, F{VY) = —2H = 22 HaTL, (PP). (3.40)
2 2 2 2
{FD W} PPy = {FP {(H, FP})
3.25) 9) C ) N .
= {FZE ), 5 Z jk(WjWk + WjWk) +c Z jijWk
J,keN Jj#keN
(3.29) ic ik = = c )
= = W — W e LWV
{4 4 j—l—k(W]Wk W;iWk), B Z JEW; Wi,
J,keN 7,keN
. 2 .
+ IS L - wiw),e Y W
4 7+ k .
j,keN j#£keEN
. - o
TS WD ST R Wi+ W)
j;ﬁkeN‘j JkeN
ic ik - T
J#keN J Jj#keN



Keeping in mind that
{(WjWi, WpWi} = —il6(5,5") (L + 1) WiWi + 0 (k, k') (I + L) W; Wy
+0(3, k') (I + T ) WiWyr + 6(k, ') (I + 1) W; W]
{WiWie, WpWi} = —iWy [6(k, k') (I + ) Wj + 0(5, k') (Ij + 1) W]
{WjWk, Wj/Wk/} = (5(j, k/)<Ij + I_j)Wij/ + (5<k,j/)([k + [,k)WjWk/,
we have that {{FF), Hs}, F4(2)} is only made by monomials of the form I}, Wngg

(where W~ = W). Since

HH2( J1 WiW]::

) = 0 ifj2 # js
Ijlljzlsz iij =Js3,

we have that Iz, ({{F 4(2), Hs}) depends only on the variables I, hence it is formally ac-
tion preserving.

It remains to analyze the term {{F4(2), Hs}, F4(1)} + {{F4(1), Hs}, FAEZ)}:
using the Jacobi identity we get

HEY, ), FVY 4 (), 1), B Y = 2R, (H, FOY) + (o, (R, FP)

By construction, we have that {Ho, {Fil),Ff)}} € range(pp,), so we will focus on
{F{ ,{H Fy' }}

from (3.19) and (3.25) we have that

3.25), (@
(F® (Hy, FVY) 623.() AF? H,P}
= cHAFP, P} +cP{FP, Hy)}

.. 2 2
L !

Let us note that

2
C
cHy{F?, P}, EPH,CW(PQ) € Ruir

since they are made by terms of the form I; I;, ij, Ji € N, therefore
2
2 1 ¢
My (2 (o, PO = =Sl (P) 4 S PILg, (P2).
From this, follows

Mk (PP Ho}, FOY + {({FD, Ho}, FPY) = =Pk, (PP). (3.41)

Finally, hanks to - 0) and (3.41), we have (3 -

By collecting what we got in (3.35), (3.36) and Lemmawe have Lemma
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3.2.3 Third Step

We focus now on the terms with degree-8 of H (6), Because of the algebraic complexity, the
analytical derivation of the 8th-order resonant terms was performed using Wolfram Mathe-
matica. This ensured algebraic accuracy while minimizing the risk of manual algebraic errors.
Then main result we are going to prove is the following:

Lemma 3.2.9 There are inﬁnitely many resonant, non action preserving terms in H®O with homo-
geneity 8.

From , and , we have
H(6) = Hy +Z4+Z6+f~fg+R210,
with

. 1 1
Hg := Hg + 6{{{H2’ Fy}Fy}Fa} + 5{{H47F4}, Fy} + {Hg, Fy} + {Zs, Fs} € Fiyy (3.42)

and
Iy >
Rzlo = Rzg — Hg € fl:iio‘

Remark 3.2.2 Since Z4 is an element ofKer and Fg is a range element, thanks to Lemma we
have that { Zy, Fs} is range element itself and hence, it can be neglected in the analysis of the resonant

monomials of .

We then focus our analysis on

= 1 1

Hg := Hg + 6{{{H2, Fy}Fy}Fo} + 5{{H4,F4}»F4} + {He, Fu}. (3.43)
Let us analyze the resonant monomials of ];:Isi

Lemma 3.2.10 The structure ofthe resonant terms ong, Zy Zg and f{g isn’t aﬁ%cted by the value
of ¢ #0.

Proof: Since Hy does not depend on the constant ¢ we have that the set of the degree-2
resonant monomials is independend by the latter.

Recalling the expressions of F’ il), F4(2), Zy and Zg respectively in (3.28), (3.29), (3.20) and
(3.33) and defining respectively

1Ho =
jeN
2 v Jk v Jk
72 = L (W W — W Wi) + = Y =W, W,
4 Jj+k - —k
j,keN j#keN
F = Fi+ T
1 1
% = —SHY g (PY
1 1
% = §H2HH2(P2)+§HH2({{=?42’H2}7942 )s

we have that Zy = ¢2} and Zg = ¢® Z5. This sufhices to prove that the distribution of resonant
monomilas in Z4 and Z is not influenced by the value of ¢, but depends only on 27 and 25
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respectively.
For what concerns the term Hg, the argument is the same:
by looking at the expression of Hyg in (3.7) and Hg in (3.42) and setting

1

%::iwﬁfﬁ
1

Hy = —?&+Pﬂ

1 1
I = B+ 6{{{H2’ Fa}y Fu} Fa} + 5{{%’17 Fat, Fuy + {5, Fa},

we note that Hy = c*5%. We can again conclude that the degree-8 resonant monomials
depend only on % and not on c. O

Corollary 3.2.1 The cardinality of resonant non-action preserving monomials of order eight for (3.5)
is either 0 or infinity.

Proof: Le us suppose there is resonant quadruple of indexes {j1, jo, j3, ja}, i.e.
J1] £ [d2] £ [j3| £ |ja| =0

and suppose that the associated resonant monomial has non-zero coefhicient.

Since the eigenvalues of Hy are linear with respect to 7, one has thatalso {k-j1, k-ja, k-j3, k-ja}
is a resonant quadruple of indexes for every k € N.

Moreover, if we replace j — k - j, j € Z we have that Hamiltonian become

H = kH, + kP((ke) - (Hy + P)).

We can conclude using Lemma |3.2.10} O

We will write the (formal) Birkhoff norm form up to homogeneity 8, of H as
Hgne = Ho® = Hy + Zy + Zg + Zs + R>10,

where, as usual, Zg contains the resonant terms of degree 8.

Finally, in light of Lemma (3 , we split Zs in
Zs = Zi + Z¢, (3.44)

where Z} is action preserving and Z§ contains also the variables {W;} ;en.
We refer to Section (3.5 . ) for a complete description of Zg, Zi, Z$ in a finite dimensional
context.

3.2.4 Codes for Lemma

In the following sections we report the codes we used to prove Lemmam
We consider the case of initial data Qs with Fourier support restricted to the sites

S :={1,2}.

System (3.1) becomes a complex system of 4 ordinary differential equations in the variables
Z4i, Z4i, 1 = 1,2. In our codes we will set

zi=x[1], Zj:=vyI[1i], #2—;:=X[i], Z_;:==Y[ 1i],
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in particular one has

Li=x[i]ly[i], W;=x[1i1x[i], W =x[1i]XI[1i].

For the sake of simplicity we set ¢ = 1, however, this does not entail any loss of generality
thanks to Lemma[3.2.10l

¢ Poisson Bracket:

_ 0f 99 _ Of 99
thoh =i 22 (327]3% 0 52‘]')

Jj=1,

Pois[f_, g_] := -I Sum[ D[f, x[i]] DI[g, yI[i
] [

] + D[f, XI[i
-D[g, x[1]] D[f, y[i]] - DIlg, X [

]
i]] D[f, Y

e The formal Variables

The formal variables Hy and P defined in are:

H2 := Sum[ j[i] (x[i] y[i] + X[i] Y[i]), {i, 1, 2}]

P := Sum[ jli] (x[i] X[i] + y[i] Y[i]), {i, 1, 2}]

e The First Step Hamiltonian Terms

Hy in (3.7)
H4 := -1/2 (H2 + P)"2
Zy in (3.20):
Z4 := -1/2 H2"2 - Sum[j[i]"2 (x[1] yI[i] X[i] Y[il), {i, 1, 2}]

e The Generating Function of the First Step

G in (3.27):

G := -I/2 Sum[ (x[i] X[i] - y[i] Y[i]), (i, 1, 2}]
FY in (3.28):

Fl := H2+G

£ in (3.29):
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JIi] J(k1/ (3041 + 3J(k]) (y[i] Y[i] y[k] Y[k] -
x[1] X[i] =x[k] X[k1), {i, 1, 2}, {k, 1, 2}] +
I/2 Sum[Sum]|

Jlil Jlk1/(30i]1 - J(k]) (y[i] Y[i] =x[k] X[k] -
ylk]l Y[k] x[i] XT[i]), {i, 1, k - 1}1, {k, 1, 2}]

Fy in (3.24):

F4 := F1 + F2

e The Second Step Hamiltonian Terms

Hg in (3.7)

H6 := 1/2 (H2 + P)"3

Hyg in (3.34):

h6 := H6 - 1/2 Pois[Pois[H2, F4], F4]

e The Third Step Hamiltonian Terms

Hg in (3.7)

H8 := -1/2 (H2 + P)"4
Hy in (3.43):
h8 := H8 + 1/3 Pois[Pois[H4, F4], F4] + 1/6 Pois[Pois[Z4,

Pois[H6, F4]

e Study of i, 3

By looking at the only possible resonant monomials of order-8 for the Kirchhoff that

are supported in the set of indexes S, are the of the form

LWEW,, LWeWE,  §=+1,42.

We used Wolfram Mathematica to compute the coefhcient of Zg corresponding to the mono-

mials of this form. If we consider for example

LWoW2=x[1] y[1] X[2] x[2] y[1] Y[1] y[1] Y[1]]

we have
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In[l]: =(Coefficient[h8, x[1] yI[1l] X[2] x[2] y[1] Y[1] yI[1] YI[11] /.
Jjril > 1)
Out[1l]:= —-(3/4)

3.3 Generic non-linearity

We now want to consider a generic Kirchhoff equation defined by an Hamiltonian of the form
Hy(z,2) = Hy+ Py (Ha + P) , (3.45)

with P analytic function with Taylor expansion of the form )", ., a2, y".
The sequence o = {aap, }nen is made of free parameters to be determined later on.
We then have an expansion of H in homogeneity degrees of the form

H:HQ+Ha,4+Ha76+...+Ha72n+...

with
Heon = agn(Ha + P)" € FE forn > 2. (3.46)

We ask if is it possible to choose the coefhicients awg,, in such a way that, at every step of Formal
Birkhoff, the resulting resonant element is also formally action preserving.

Our strategy is to perform a formal Birkhoff normal form algorithm in the same way of the
last section, in order to make the resonant terms of degree 4, 6 and 8 explicit with respect of
the parameters a. Then we will try to choose « in order to have that all the resonant terms
are also formally action preserving.

3.3.1 First step
Of course, ay is arbitrary, since the resonant part of ay(Hs + P)? is automatically action pre-
serving.
For a given choice of ay, the generating function Fy,, of the first Birkhoft step must
satisfy the homological equation
{Ha, Fou} + Hau = Za g =gy, (Hau), (3.47)
where, similarly to the expression of Z4 in (3.20), one has

Zoa = aaHs + 204 Y L1, (3.48)
JEN
In analogy with the previous case, the generating function F, 4 € F.. can be chosen of the

form

with
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and G, that solves
{H27Goc} = —20[4P,

namely
Go = —ioy »_(W; = Wj). (3.50)
jeN
3.4 Second Step

After the first step we obtain that the normal form Hamiltonian is

1
HY = Hy + Lo+ Hyp+ 5{{H2, Foa},Foat+{Haa,Fou}t+ Ra>s,

whose terms of degree 6 are

~ 1
Ha,ﬁ = Ha,ﬁ + 5{{H2, Fa,4}aFa,4} + {Ha,4a Fa,4}

(3.47) 1
Ha,6 - 5{{H27 Fa,4}7 Fa,4} + {Za,4, Fa,4}~ (352)

Our aim is to analyze the resonant degree 6 terms Z, 6 := Ik, (Hag).
Similarly to (3.36), (3.35) and (3.37), one has

H/Ckw( a 6) = O‘GHS) + 3a6H2H’Ckir(P2) + aslliy,, (Pg);
H’Cklr({Za 4, 044 ) = 0
M ( — (02, Fa) Fas}) = —203H3 — 403l (P?)

1
+§H}Ckir({{F§,47 H2}7 Fiél}) 2a4H’Ckll‘ (PS)

Since the only non action preserving terms are the ones contained in I, (P?), in order for
H, 6 to be formally action preserving, one must have

g = 203 (3.53)

With this choice, we have

1
Zae = 2a421H2HKkir (PQ) + inKkir({{FgA? Hs}, Fa2,4})-

3.4.1 Third Step
The normal form up degree 6 of H is

HO = Hy+ Zoa+ Zag+ Hog + Ra>10
with,
~ 1 1
Hg := Ha,8+6{{{H27 Fa,4}Fa74}Fa74}+§{{Ha74v Fa74}7 F0174}+{H04767 Fa,4}+{ZOc,4’ Fa,ﬁ} S ]:liir‘

Again, since {Zq4, Fo g} € RE. we focus on
g yx) ) kir

~ 1 1
Hy := Hos + c{H{{H2, Faa}Faa}Faa} + 5{H{Ha, Faa} Faa} + {Hos, Faul € Fi.
(3.54)
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3.4.2 Codes for Theorem [1.2.4

We consider the case of initial data s with Fourier support restricted to the sites
S:={1,2,3,4,5,6).

Similarly to the last section we define Pois, H2 and P. we set the first three coefhicients of a
defining the non linearity as
G := 1 a Sum[ (x[i] X[i] - yI[i] YI[il), {i, 1, 5}]

The function that generates the first step transformation, respectively F, 4, F, 4 ) and F?) g i

are defined by

Fl := H2xG

F2 := (-I a)/2 Sum|
Jril JIk1/ (3011 + Jlk1) (y[i] Y[i] yIk] Y[k] -
x[1] X[i] x[k] XT[k]), {i, 1, 5}, {k, 1, 5}] + -I a Sum|
Sum[j[i] JIlk1/(3[i] - Jlk]) (y[i] Y[i] =x[k] X[k] -
ylk] Y[k] x[i] X[i]), {i, 1, k - 1}1, {k, 1, 5}]

F4 := F1 + F2

The Hamiltonians Hy 4, Hy 6, Ha,s in (3.46) are defined by

H4 := a (H2 + P)"2

H6 := b (H2 + P)"3

H8 := ¢ (H2 + P)"4

The resonant degree-4 term Z, 4 in is defined by

Z4 := a H2"2 + 2 a Sum[j[i]l"2 (x[i] yI[di] X[i] Y[il), {i, 1, 5}]

The Hamiltonians H, ¢ in (3.51) is defined by

hé := H6 - 1/2 Pois[Pois[H2, F4]1, F4]

while Ha s in (3.54) is
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h8 := H8 + 1/3 Pois[Pois[H4, F4], F4] + 1/6 Pois[Pois[Z4, F4], F4] +
Pois[H6, F4]

If we check the coeflicient of a generic resonant degree 6 term

x[1] X[1] x[1] X[1] yI[2] Y[2] = W2W,

In[]:= (Coefficient[h6, x[1] X[1] x[1] X[1] y[2] Y[2]] /. Jli_1 :> 1)
Out[]1=1/4 (-48 a2 + 24 D)

that is equation (3.53).
Assuming hence ag = 2a7, hence b = 2a?, by checking the coefficient of the resonant degree
8 term

x[1] X[1] x[1] X[1] x[1] X[1] y[3] Y[3] = WiW;,

one gets
In[]:= Coefficient[h8, x[1] X[1] x[1] X[1] x[1] X[1] yI[3] Y[3]1] /.

Jjri_l :> 1)

Out[]1=1/36 (-1728 a3 + 432 c)

That is zero only if -1728 a®+ 432c =01i.e. ag = 4aj.
The coefhcient of the monomial

x[1] yI[1] x[2] X[2] y[1] Y[1] y[1] Y[1] = WoW7

instead, is

In[]:=(Coefficient[h8, x[1] y[1] x[2] X[2] y[1] Y[1] y[1] Y[1]] /.
jri] > i)

Out[]=1/12 (-1080 a3 + 288 c)

then is must hold ag = 1203, that is incompatible with the above condition.

3.5 Dynamics of Specific solutions

Let us now consider the Kirchhoff equation , defined by the Hamiltonian and set,
for the sake of simplicity, ¢ = 1.
The aim of this section is to study the dynamics of such equation, restricted to a finite and
arbitrary set of tangential sites.
This, as we will see, is only possible thanks to the special structure of which the Kirchhoff
equation is endowed.
In fact due to the invariance of the Fourier support highlighted in Lemma we have that
the space

Qs :={2€ H(T): z, =0if |k| ¢ S}

is invariant for equation the solutions of (3.1). It follows that if we chose a finite S, equation
(3.1) reduces to a finite dimensional Hamiltonian system on the phase space s, that one can
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study from a qualitative point of view.
Throughout the rest of this chapter, we fix

S :={1, 2}.

In the spirit of [59], we prove that there exist specific solutions originating form an initial
datum of size ¢ in Qg that, in Birkhoff coordinates exhibits nontrivial dynamic, namely an
energy transfer.

More precisely, we show that such solutions undergoes a variation of order at least £ over a
time interval of order 2.

This provides a non-integrability result for the formal Birkhoff normal form of Theorem
Unfortunately, this result cannot be directly transported to equation (3.1).

In contrast to the quintic NLS case, this nonlinear phenomenon does appear to depend on the

particular choice of the resonant set, although it can be shown for infinitely many such choices.

Notation.
For positive A and B we adopt the following notations:

* We shall use the notation A < B (respectively A > B to denote A < CB (respectively
A > CB) where C is a positive constant depending on parameters fixed once for all. We
will emphasize by writing <, when the constant C depends on some other parameter g.

* We will say that A is O(B) if there exists a positive constant C such that A = CB.

* we will use A ~ B whenever there exist two positive constants C; and Cz, depending
again on fixed parameters, such that ;B < A < CyB.

Finally, we will denote with {w;} ez the variables induced by the normal form map @ in
Theorem (1.2.3).

The main result is the following

Theorem 3.5.1 Let us consider the Birkhoff normal form Hamiltonian Hgnye defined in Theorem
(1.2.3).

There exists e, > 0 such that, for every e < e, there is a set A, with the following property:

for every initial data w(0) = {w;(0)};ez € A- there exists a unique solution of

w@):agiwa@%w@», (3.55)

moreover it satisfies
[lw; (#)]* = [w; (0)[2] ~ 15, j = +1, £2 (3.56)

forall t € 0, T.] withT,, S e
Remark 3.5.1 The set A., as we will see in Subsection (3.5.5) is made by functions, w with finite

Fourier support.
More precisely, by identifying w with the sequence of its Fourier coefficients {wj;} jez, we have

«
U {w = {wyhsez :fr? = woi = ac, Juwf = w2 = € (1= 3),
(3.57)

aemJL1W_OJﬂ¢L2}
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The elements of A, are then analytic functions, moreover, from (3.57), we have that, for every s € R

Vasthif s >1
AECBVSEHS T,C)), = 7 N
e HRT,T), (o) { v

3.5.1 Normal Form on Finite Support

For our choice of the Fourier support S := {1, 2}, we use the following notations:
we will denote with
H=Ho+Hs+He+ ...+ Hon+ h.ot.

the Hamiltonian (3.7) restricted to Qs.
We will write Zy4, ZG, Zg, 2, Z¢ when referrmi o the restriction on Qg of the quantities

Zy, Zs, Zs, Zk, Z§ defined respectively in 33) and (3.44), moreover, we will still de-
note with @ the restriction of normal form map ® of Theorem (1.2.3).

Ho =11 +1 1+2+21 5 and P:= W5+ Wi+ 2Ws+ 2Ws (3.58)
Recalling (3.60), the Birkhoff normal form up to degree 8 of the Hamiltonian is

7:[BNF =Ho+ Z4+ Z6 + Z~8 + 'R,Zlo. (359)
From (3.20), we have that Z is
Zy =1y, (Hy) = ”HQ > LI
7j=1,2

or, more explicitly
z——112—211—212—211 — 26,1 —112 — 2T 5 —8Iy] o — 21 11 o — 212
4 = 1 142 2 14-1 2l—1 51-1 14-2 219 —14-2 Z9-

From (3.33) and (3.24), it follows

3 2 3 16
Ze = TP {— L] 1+ -I% + —II,I_
6 411 312 1—1-41_1-1-3122

2 16
+6I21 5 — Shlalo+ = hlal o+ 612125,

The computations performed on Wolfram Mathematica show that

- 3 = 3 - 3 - 3 -
Z§ = —111W2W12+ §IQW2W12 - ZI—ll/V2VV12 - ZIIWEW2

+;IQW5W2 = AW, + ngWzVVf + gf—sz%
- _Zh(WgWE + WEWs) + gb(Wsz + WiWs)
_Zz,l(wzv’vf + W2Ws) + ng(WQWE + WiWy)
= —ghRe(WlQV_Vﬁ + 3LRe(WiWs) — gf—lRe(WfWﬂ +31_oRe(W{Wy)

3 3 1
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and

16

128

49
— 1200 I+ —
9 ) 11+18

49 3
P+ —1 oI I} + gﬁllf

1
I 5171 + =
2711‘1‘ 18

8

1 38 16 38
tg Ll + 2851 + 2 LTy — Lo 2 I + o T2 Tn
16 49
T oI?Iy+ —T {121
9 olilo + 13 14712

49
T ol I+ —T12 15 —
9 2112-1-8112

+6I2,13 +

38
3172171[2 +

38

16
j1,211122 — 31,111122 + 21 5135,

Finally, on Qg, in place of || - ||s we will consider the equivalent norm

Jul = W

In chis setting we obtain a finite dimensional version (not only formal) of Theorem [1.2.3}

Lemma 3.5.1 (Birkhoff normal form for the finite dimensional Kirchhoff equation)
Let H be the Hamiltonian of the Kirchhoff equation restricted to the finite-dimensional phase space

Qs.

There exist 1 > 0, an analytic function F : B, C Qs — C and an analytic, bijective, close-to-

ia’entity canonical transformation

of the form ® = {7} such that

Hene = Ho® =Ha + Zj + Z§ + Zs + R0,

WI’IET’L’.'

(1)3351CQS—>QS

(3.60)

« Zi, for k = 2,3, is a homogeneous polynomial of degree 2k depending only on the actions

I =19, I, I, I);

* R>10 is a real-analytic remainder such that

* The function F satisfies

* If we write Jy, =

with

|21|?, the map V satisfies

[Rx10(w)| < wl|™, Vw € Be,; (3.61)

IF(w)| S [lw]*, Yw e Be; (3.62)
Jpo® = I, + W(Iy)

V()| S llwl?, Yw e Be,. (3.63)

An mequallty identical to 1sfulﬁlled by the inverse tmnsformatzon o1,

Thanks to the above result we have:
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Lemma 3.5.2 There exist €5 > 0 such that, for every initial data wo = {wjo}j=+1,42 with
g := |lwol| < eg,

the solutions of

satisfy
lwi(t)| Se, VESe (3.64)

Remark 3.5.2 In the case ¢ < 0, inequality allows to extend the bound (3.64) to all positive

tll]n;jios.rlunately, 1f ¢ > 0 such ung’form-in-time estimate is not available and is achieved, by means
of the Birkhoff Normal form Theorem (1.2.3), only for times of order £5°.
3.5.2 Symplectic Polar Coordinates
The aim of this Subsection is to construct a newt of symplectic polar coordinates for #, namely:
(I,0) = (I_9, 1 1,11, I, 0_9, 0_1, 0y, 03) =: ®*(I, W)
given by the map
LY W B Tl (3.65)

We have that the expressions for 2, Zg and 2} are left untouched, while

3 3
de =NLI 1\/Is\/I_5 <—211 + 31y — 5171 + 3[2) COS(291 +20_1 — 0y — 972).

Now, by recalling
/HBNF = HQ + Z4 + Zﬁ +Z§ + 2867
in this new set of variables the Hamiltonian system associated to Hgyy is defined on the phase

Space
’]I‘4 X R4 S (017 0717 02) 0727 Il? I*la 127 172)

by
. O
0; = — 7;?“”, j =41, +2
o J (3.66)
[ =220 5= 41 42
J 80‘] ’ ] )
Let us note that the quantities
L —1 4
Iy — 1 4
Iy + 2149

are conserved by the dynamic generated by Z§ and, trivially, also for 24, Zg, Z~§. It follows:

Lemma 3.5.3 (Integrability)
The system is completely integrabile.
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3.5.3 Action-Angle Coordinates for H

We want hence, to construct a new set of action-angles variables for #, namely:

(‘PvI) = (@17 P—-1, P2, -2, Ib I—la 1'27 I—Q)

given by the linear law

(?) — 3(0,1) = ((Bol)T g) (?) , (3.67)

1 0 0 0 11 -3 -4
110 0 w01 0 o
B=11 9 1 o0 and (B7) =19 ¢ 1

0 0 —1 1 00 0 1

The relation between 7 and ¢ is determined in a way that {Z;, 1} = 6(j, k).

=1L L =1
IT1=-L+1_ I =11+1_
1 1 1+14 PN 1 11-i- 1 (3.68)
Iy =50L + 12 Iy=—-5T1+ 1
T o=—I+1, Io=—3T1+I,+71
and
o1 =01 +0_1— 10, — 16,
p_1="0_
2 =02 +0_
w9 =0_9
In these new variables (3.66) reads
o1 =— , s BNF i _1. 49
. 0L v or; © 7T 0 (3.69)
I, = — %% Z; = 0, j=-1, £2,
dp1

while Hamiltonian Hgne reads
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7:[BNF = /}:[BNF((pla 11, I, Iy, I—Q)

1
=927 5 —27%, +7 1 — 2T T | — 5231 +27 2T, — 3T%,T, — 13,11 — T 1Ty

10 35 3 65 1
— =T 0T Ty — =T* T \T) + “I*\T1 + —T oT* 171 + =131

g t-2t-1h1 = Loy 11+4_11+18 2_11+8_11

3 17 29

-ﬂﬁ—fgﬁ—ﬂ%ﬁ+zlm%mlﬂ4ﬁ—ﬁﬁgf

10 359 479 419

D4+ T 2T - T T - — T
TR T g T e

16

+ﬂ§—H14b+ﬁf35+2ﬁﬂ5—MLﬂj+§IJIJQ

38 16 22 32
+ 513217112 - gquglzz +41,75 — 31721112 - 51321112

20 65
—gigL@—MLﬂqL@+§J3L@—ﬂﬁg

95 359
—514ﬁ5+4u;ﬂﬁ5+?iﬁ@—1ﬂ§+ngg+rngg

16 38 16 22 14
+ T T3+ T 0T (T3 — —T% 18 — =T)I5 — —T1 T\ T3

3 3 9 3 3
_ 2 9j 272 3 3 E 3 § 3 4

3 15
+ (31_21_111 — 513111 + 3T T} — 51_1112 — 63 + 6Z_1 11 To + 611212>

v 7
X \/—21 +Zg\/22 — ?1 + T cos(2¢1),

(3.70)
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with, in particular

Ho(Z) =27 _o + 11 + 4Zy;

1
Zy(T) =212, — 2T 5T ;| — 5231 + 27 oT) — T 1Ty — 2T% — 12T 5T, — 4T 1T,
+ 4TI, — 1273,

Z6(T) = — 31%,T; — ?I_QI_IL + §13111 - gz_ﬂ% + gz_lzf + L;If + 672,75
- 1361 oL 1Ty — EI oT1 Ty — ?I,lzlzz — 3I3T, + 18T o135 + %61,1122
— 2332113 + 1273;
Zs(p1,T) = — 13,1, — %512 ARy A ?21_212 I+ 8I Iy — 32,17 + 22T 5T T}

igﬁlz% + %I_sz - 43291_113 4316914 + 273,75 + 3981 WI1Ts

- %61_223112 — %22 oI Ty — 34T 9T T To + 69512 Ty — %I_QIIIQ
3391312 +1272,72 + 3381_21_113 19612 I3 — 3 1_21113

— 347 T\ T3 — 9351212 + 20T oI5 + 7961 I3 — 981115’ + 1075

+ 447 _\T?T,
3 15
+ (31_21_111 — STAT + 3T 0T} - DT - 6T} + 6T LT + 611212)

7z 7z
B T - D Do)

35 65
Z8(T) = - T3,T) — 52221 T+ 5T oI Ty + 81 Iy — 3T2,TF + 227 T (17

fgﬁlz? 315891_215 43292_113 4316914 + 273,75 + 3981 yI 1Ty
- %61_21%122 ~ %21321112 — 347 2T T\ T» + %51%11112 - %1_211212
3391312 +1272,73 + 3381_21_113 19612 I3~ 341_22113
— 347 T\ T3 — 9351212 + 207 o275 + 7961_113 2981113 + 1073

+ 447 _\T?T,

3 15
Z(p1, T) = (31_21_121 — STAT + 3T 0T] — DT T} — 61 + 61 LT, + 621212>

71 T
X \/—21 +IQ\/I_2 — ?1 + 75 COS(2Q01).
(3.71)
these are computations implemented in Wolfram Mathematica, see Subsection (3.6.1).
p p
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By defining
Il = 620[, I,1 = 52,8, ZQ = 62’)/, I,Q = 625,

where 3, v, n are fixed parameters and ¢ is chosen suitably small, one has

Il = 62(1, I_l = 62(04 + ﬁ), IQ = 82(")/ — %), I_2 = 52("}/ + 6 — g) (3.72)

such that
max{0, —4} < a < min {27, 2y + 20}

For the sake of simplicity we fix now (8, v, 6) = (0,1, 0), obtaining a map
' (o2, o1, 1, 02, T2, T4, Tn, o) = (01, @)
given by the relations
Ti=c?a I_,=0, Iy=c? T ,=0. (3.73)

Moreover, by (3.72) we have

L=¢%a, I,=c%a, L=c*(1--), 1,2252(1—%) for0<a<2  (3.74)

@
2

If we now substitute the relations and (3.74) in the terms Ha, Z4, Zs, Z&, Z¢ written in (3.71)
, we have

H2(§01, a) = 462

Zy(p1, @) = * (-12 + 4o — 207)
22 10
Zolior, o) =7 (12 S ety 30‘3>
' 28 95 359 419
Z’L = 8 1 - _ 2 e 3_7 4
s(e1, @) €<0 e 3a+9a 35 &

Z5(p1, o) = 8 (3a2(1 —a)(2—a) cos(2cp1))

- . 41
Zo(p1, a) = &° (10 - Ba- P24 Pop - S0t 430201 0)2 - a) cos<2sol>) ,

(these are, again, computations implemented in Wolfram Mathematica.)

Recalling (3.60), we have

ﬁBNF(gal, e2a, 0, €2, 0) =4e? — 12e* 4 1268 + 108

22 28
44 6 8
+O[(83€95)

2

95
+ 2t — 358 + 6¢° cos(2<p1)>

(-
e (1 6 4 359 S —9¢ cos(2cp1)>
<

419

+at 36 ¢ + 3¢8 cos(2<p1))



By introducing the rescaled Hamiltonian

7:11(351211?(8017 a) 5:5727:[BNF(§017 52047 0, 527 0)
=4 — 122 + 12¢* + 108

22 28
4g2 _ 254 %6
a(e 3¢ 95)

+ ao? <—2€2 — 3t — %86 + 6¢5 cos(2<p1)) (3.75)

10 359
+ a3 <354+ 5 b —9e cos(2<p1)>

419
+at < b4 35 cos(2g01)>

36
we have
. OHg
301 8@ )
(3.76)
. O
1
3.5.4 Analysis of the Critical Points
The partial derivatives of 7:[](361211; are
D, He = 650 (0 — 2)(1 — o) sin(21)
22 28 190
19) H](fgm = — 4oe? — 354 — 6act + 1002t — 556 — ?asﬁ (3.77)
41
+ ?OPEG 99 o?e® + 3e%a(4 — 9a + 40?) cos(2¢)

Since a%’i%,(;lF(gol, a) =0only whena =0, 1, 2 or ¢; = 0, 7/2, 7, and since the equations
0, H](;ZIF(% 0) =0, (3a7-l,(3121F(g01, 2) = 0 have no real solutions, it follows that in the square
(¢1,a) € [0,7] x [0, 1], the Hamiltonian A has at most 11 critical points:

w; = (ga]) j=1,...,3

WI(QI):(QO%)’ wl(f):(ﬂ-aak)’ k=4,...,6

wgl) = (¢1,77 1) ) W§2) = (ﬂ- - ¢1,77 1) .

where:
e j, j=1,...,3 are the solutions of

aa7:[1(3€121F (ga O[) = 07
namely

28 226 440 527
— e - e + —a?eb - ——a?t

22
462 — Ape? — 4 4 4 1002t
€ Qe —35 6ae™ + 10a”“e 9 3 e 3 9

=0, (3.78)
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where, a1 < as < as.

ey, k=4,..., 6 are the solutions of
aoz?:[](;lzIF (07 Oé) - 07

that equals to

4e® — dae® — §54 — 6act + 1002 — §€6 - Eaﬁ + @a2e6 - Eag’a‘a =0. (3.79)
3 9 3 3 9
e 1 7 is the solution of
OaHiee (1,1) = 0,
that equals to
1—3056 - 2—;58 + 3e® cos(2p1) = 0,
namely
P17 = %arceos [1; (2 — ;)] . (3.80)

In particular, for sufficiently small , only three E] critical points are contained within the square
(¢1,a) € [0,7] x [0,1], namely wy, wfll) and w42). We have moreover that

ap=1—ap(e?), k=1,4, (3.81)
where ay, are positive functions with a zero of order at least 1 at the origin.
* wi is a saddle point since

2.77() _ (12€8a;(€?) + O(e'?) 0
D HBNF (wl) - ( 0 —464 + O<€6)

1 2 g ) .
. wi ) and wi ) are equilibrium points since

0@ (W) _ renE (@) _ [—12e%a4(e?) + O(e?) 0
DR (1) = DG () = (RO 0

'Using the resolution formula for third order equations we have that, for sufficiently small £, equations
and (3.79) only have one real solution of the form (3.81), while from we have that ¢1 5 exists only if
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0.99170

0.99165

T 0.99160 -
{f “

0.99150 i e L. S L =
1.45 1.50 1.55 1.60 1.65 170 308 310 sin a6 a1 320
@1 1
(a) Numerical simulations of the level sets (b) Numerical simulations of the level sets
around w; of HE), with e = 0.1. around wf) of HE), with ¢ = 0.1.
1 T :
0.95 |- : :
C_ RN R ! 7 - C_|_
091 % X o |
Wy /// :w1\\\ Wy
0.85| | |
0.8 | |
s 0.75 | | b
0.7] | |
0.65 |- | |
0.6 ! _
0.55 | | |
0'5 | | | | : | | |
0 0.5 1 1.5 2 2.5 3

The level set H, := A](;’R,F (wil)) = ﬁgﬁm (wf)) = 4+ O(e?) defines two heteroclinic orbits
C+ and C_.
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3.5.5 Quantitative Estimate on the Transfer

In this Subsection we prove Theorem (3.5.1). Let us start with a technical result:

Lemma 3.5.4 Let us consider a Hamiltonian of the form

H*(QO,I) = /)LzBNF((plv Ila 07 825 0) + R(@a I))
with
10,R(, D), |0rR(, T)| S €. (3.82)

There exist 0 < e3 < 1 such that, for every e < e there is a set, Aéo), with the following property:
for every solution (p(t), Z(t)) of
¢ = —0r (3.83)
I - ap?'[*,
with initial data (p(0), Z(0)) € A9 it holds
DM (p (1), Z(1)), OrHa (0 (1), Z(1) > 0, 8, Haulip(t), Z(1)) ~ €%, Op, Haulip(1), Z(1)) ~ €,
(3.84)
forall t < e™2.

Proof: From what we have seen in Subsection (3.5.4) (in particular (3.81)), we have that there

exist g4 < 1 and 0., ~ €2 such that, for ¢ < &4, the derivatives 8¢1H](3€12]F, 0aH](§121F are all
strictly positive in

(g + gy, T — 554) X (5547 1- 654)'

It follows that, for every e < ey,

a@lﬁglle((pl) Oé) ~ 567 8(17:[1(5;6121F(901) Oé) ~ 62’

s
V(o1 @) € (5 + 0o ™ =02y ) X (0241 = b2,).

Keeping in mind (3.73) and (3.75), the above relations imply that

agolﬁBNF(Sola Ih 07 527 O) ~ 687 allﬁBNF((pla Ila 07 521 0) ~ 527

(3.85)
v(@la Il) € (g + 58477T - 554) X (52 : 5547 52 : (1 - 584))» Ve < ey

Moreover, thanks to the smallness assumption (3.82), a similar estimate to the one displayed in
(3.85) holds, also for [0,H.|, |0zH.| when (¢, T) belong to the set

A ={@,1) (o1, T € (54 0e0rmey) x (20, 2 (1= 62)) . (3.86)

for appropriate choice of e3 < 1 and 6, ~ 3.
Finally, if we define

~ ~ 2 —_—
AD) = {(@,Z) e A dist((¢1, T1), 049) > 5(1325)} (3.87)
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since

8‘:01 (SO: I)H* ~ 587 ({—)9017'[*(@, I) ~ 527 fOI‘ (907 I) S Agmv

we have that a solution of (3.83) with initial data in AS)), will remain in Aéo) at least for times
t<e 2
This concludes the proof. O

Proof of Theorem .'

First, we choose
g4 := min{eg, €1, €9, €3}, (3.88)

for £ in Theorem (A.1.3) 51 in Lemma (3.5.1), e2 in Lemma (3.5.2) and 3 in Lemma (3.5.4).
By recalling the relations (3.73), and keepmg in mind Remark (3 (_ for e < ¢, we define

AL = {(901, 0 1, 02,02, T1, T_1, To, T_s) € AY
I_l = 07 I2 = 62, Z_Q = 0}

Now, using the maps ®2, ®3, defined respectively in (3.65) and (3.67), we set
AR = (%o (1)2)—1 (Agl)) '
We set
A = {w ={wjltjez: wj € Ay, it j ==£1, £2, z; =0, otherwise}.

Within this framework, the study of Equation (3.55) with initial data

wo Z wy, 06
\ﬁ ljle{1, 2}
such that {w;j}

., € A, is equivalent to study the finite dimensional system
JEZ

(8) =

P(l) = —OrHane (3.89)

I(t) — 6¢HBNF,
where Hgnr is the restricted Hamiltonian

Hone = Hene + Ra10
defined in (3.60) and w = {w;}j—s1.40 € A,
Let us now adopt the variables (¢, Z) defined in , we have the following facts:
Claim 1:
Let us suppose (¢(t), Z(t)) is a solution of (3.89) with initial data
Ti(0) S &2, j= 41,42,
then for all ¢ € [0, 7] with T' < 76, we have that
Zi(t) —Z;(0) St-€', =1, 2. (3.90)
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ProofClaim 1
Recalling (3 we have that Hpne does not depends on ¢; for j =1, +2, hence
I] (t) — aspj%BNF
- ago]-?:[BNF + 6<ij210
ez Y]
< 510

~

= 8%.7?210

Claim 2:
Let us suppose (¢(t), Z(t)) is a solution of (3.89) with initial data

T(0) <& ,27.4(0)=0, T(0) =& T »(0)=0
we have

’8@17:[BNF<9017 Il: I—b 1.27 I—Q) - 8<,01;L2BNF(9017 Ila 07 527 0) S \/7? 0(511) +1- 0(615>7

(3.91)
forall t € [0, 7], with T < e~
ProofClaim 2:
From (3.90) one has that
Zot)| St-e™, JZoa(t)| St |Toa(t) = St el (3.92)

Let us note that
N (3.70) >
8@1HBNF<8017 Il7 I—17 IQ7 I—2> 8901286(901’ Ila I—l; 1.27 I—Q)-
Now, recalling the expression of Z§ in (3.71), using (3.64) and (3.92), together with the in-

equality
Va1 — vz < Ve — x|, x1, 22 >0,
one obtains (3.91).

Let us now prove inequality (3.56) for j = 1:
Let us first note that the Birkhoff normal form Hamiltonian Hpnr (0, Z) = Haene(e,Z) +
R>10(¢,Z) can be written as

,HBNF(Qpaz) = ﬁBNF(Soly 74, 0, 527 0) + R(Soal)a (3'93)
with
R((Pal') = RZIO(%I) + ﬁBNF("Pla Il7 I—la IQ7 I—Q) - ;QBNF(SOla Ih 07 527 0)

Now if (o( (t)) is a solution of (3.89) with initial data in A? from (3 1) together with

and , that

0, R(p(t), Z(1))], 10zR(0(t), Z(1)| S €' for ¢ <™
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We can then apply Lemma (3.5.4).
Thanks to the latter we have that

;>0 for t<e 2,
moreover, recalling that Z; = I, it holds

[11(t) — 11(0)| = |Z1(t) — 71 (0)|
=T71(t) — Z1(0)

t
—/ 71(s)ds
-0 (3.94)
(3.93) [t .
< /aleBNF(Splvz)—i_R(SO?I)ds
0

(B54)
> teS.

The opposite inequality in (3.56) follows similarly.
For what concerns the remaining cases k = —1, £2, let us consider for example k = 2 (the
others are equivalent):

we recall from (3.68) that
1
I = —511 + I,

then .
Iy=1, - 51

1
- &F,QHBNF - §a¢1HBNF

. 1 ~ 1
= a(,02/7"-[BNF - §8¢1HBNF + 8¢2R210 - 5890172'210

B7o) 1 " 1
—58@1HBNF + agleZIO - 585027—\)’210'

Inequality (3.56) he proof follows by reasoning as above, using again (3.84). O

3.5.6 Conclusions

We stress that the energy transfer analysis performed in this section is carried out in Birkhoff
normal form coordinates.

While the Birkhoft normal form transformation is canonical and preserves the Hamiltonian
structure, the lower bound on the energy transfer does not trivially transport back to
the original Kirchhoft variables.

More precisely, as estimate shows, the Birkhoff normal form transformation acts on the

linear actions {Ij }x as
Id + O(e").

For this reason pulling back this estimate to the original variables would introduce correction
terms of order ¢* which dominate the bound €% in and thus prevent any meaningful
conclusion in the original coordinates.

Considering all this, Theorem should be interpreted as a non-integrability result for
the formal Birkhoft normal form, as well as an evidence of energy transfer at the level of
the normal form dynamics, leaving open the question of a sharp lower bound in the original
coordinates.
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3.6 Further Directions

The energy transfer analysis carried out in Subsection is localized in a region of the phase
space that avoids both equilibrium points and secondary invariant tori, and is performed on a

truncated four-mode system in Birkhoff normal form.

While this allows us to exhibit explicit orbits along which energy transfer between Fourier
modes, two natural questions remain open: whether analogous transfer phenomena persist in

the original equation, and how the dynamics behaves near such invariant structures.

As a natural continuation of this work, we plan to investigate the existence and stability of
such tori for the Kirchhoff equation in the spirit of [62], where a KAM scheme is developed

to construct small-amplitude quasi-periodic solutions in a closely related setting.

3.6.1 Codes For Section

e The Resonant Terms Z4, Zg, Z3

We define the projector operator Ik as

ker [N_] := Coefficient [t*fF[N], t]
where
fFRIN_] := /o {x[1] —> t*x[1], yI[1l] —-> 1/t=xy[1l], Y[1] -> 1/txY[1],

N
X[1] -> t«*X[1], x[2] -> t"2*x[2], y[2] -> 1/t"2xy[2],
Y[2] —=> 1/t72%Y[2], X[2] —> t"2*X[2]}

The map ®2, defined in (3.65), that gives the symplectic polar coordinates (1, ) is given by

SOsSt2[N_] :=

N /. {x[3_] > (A[J])"{1/2}xE"{I aljl},
yI3i_l > (A[J])M1/2}+«E~{-I aljl},
X[J_1 > (A[-3])"{1/2}*E~{I al-31},
Y[3_] > (A[-]J])"{1/2}*E~{-I al-3]1}}

Where A[ ] = I are the actions and a [ ] = 6; are the angles.

The map @2 in (3.67), that defines coordinates (Z, ) is given by

sost3[N_] =
N / {A[1] :> B[1l], A[-1] :> B[l] + B[-1], A[2] :> -1/2 B[1l] + B[2],
A[-2]1 :> -1/2 B[1l] + B[2] + B[-2],
2 I a[-1] + 2 I a[l] - I a[2] - I a[-2] >
2 I \[CurlyPhi], -2 I al[-1] - 2 I a[l] + I al2] +
I a[-2] :> -2 I \[CurlyPhi]} /.
Exp[2 I \[CurlyPhi]] :> 2xCos[2 \[CurlyPhi]] - Exp[-2 I \[CurlyPhi]]
Where

B[j] =1I; and \[CurlyPhi] = ¢y.

Finally, the map ®* in (3.73), that defines coordinates (Z, ¢) is given by
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sost4 [N_] :=
N /. {B[1] :> \[CurlyEpsilon]”2 \[Alpha], B[-1] :> O,
B[2] :> \[CurlyEpsilon]”2, B[-2] :> 0}

where
a=\[Alpha] and e=\[CurlyEpsilon].

The resonant terms Z, Zg, Zg are

Z24 := ker[H4]
26 := ker[ho]
728 := ker[h8]

The term Z§ is:

Coefficient [int [Z8], (\[Xi] \[Omega])/ (\[Alpha]”2 \[Betal”"2)] /.
j[i_1 :> i // Expand

while Z{ is:

I8:=7Z8-N8

In action-angle variables the terms Z¢, Z{ are

In[] :=sost [N8]

Out={3/2 E~(-I a[-2] + 2 I a[-1] + 2 I a[l]l] - I al[2]) A[-21"(3/2)
A[-1] A[1l] Sqgrt[A[2]] +
3/2 E~(I a[-2] - 2 I a[-1] - 2 I a[l] + I al[2]) A[-2]1"(3/2)
A[-1] A[1l] Sqgrt[A[2]] -
3/4 E~(-I a[-2] + 2 I a[-1] + 2 I a[l] - I al2]) Sqgrt[A[-2]]
A[-1]172 A[1] Sgrtl[A[2]] -
3/4 E~(I a[-2] - 2 I a[-1] - 2 I a[l] + I al[2]) Sqgrt[A[-2]]
A[-1]172 A[1l] Sqgrt[A[2]] -
3/4 E~(-I a[-2] + 2 I a[-1] + 2 I a[l] - I al2]) Sqgrt[A[-2]]
A[-1] A[l1]172 Sgrt[A[2]] -
3/4 E~(I a[-2] - 2 I a[-1] - 2 I a[l] + I al[2]) Sqgrt[A[-2]]
A[-1] A[1]"2 Sgrt[A[2]] +
3/2 E~(-I a[-2] + 2 I a[-1] + 2 I a[l] - I al2]) Sqrt[A[-2]]
A[-1] A[1] A[2]1"(3/2) +

[-1] - 2 T a[l] + I al[2]) Sqrt[A[-2]]

3/2 E~(I a[-2] - 2 I a
A[-1] A[1l] A[2]1"(3/2)}

In[] :=sost[I8]

Oout[]={-(16/9) A[-2]1"2 A[-1] A[1l] + 49/18 A[-2] A[-1]1"2 A[l] +
1/8 A[-1]"3 A[1l] + 49/18 A[-2] A[-1] A[1]1"2 + 3/8 A[-1]1"2 A[1l]"2
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+ 1/8 A[-1] A[1]1"3 + 2 A[-2]"3 A[2] + 38/9 A[-2]"2 A[-1] A[2]
- 16/9 A[-2] A[-1]"2 A[2] + 38/9 A[-2]"2 A[1l] A[2] -
128/9 A[-2] A[-1] A[1] A[2] + 49/18 A[-1172 A[1l] A[2] -
16/9 A[-2] A[1]72 A[2] + 49/18 A[-1] A[1]72 A[2] +
6 A[-2]72 A[2]"2 + 38/9 -2] A[-1] A[2]"2 +
38/9 A[-2] A[1l] A[2]"2 - 16/9 A[-1] A[1] A[2]"2 + 2 A[-2] A[2]"3}
Finally, the partial Hamiltonian Hpnp = Ho + Za+ Z6+ Zs is
h := H2 + Z4 + 726 + 28 /. jli_] :> i
Its expression, , in the variables (Z, ¢1) is
In[]:= sost3[sost2 [h]] // Expand
Oout[]={2 B[-2] - 2 B[-2]"2 + B[-1] - 2 B[-2] B[-1] - 1/2 B[-1]1"2 +
2 B[-2] B[1] - 3 B[-2]"2 B[1l] - B[-2]"3 B[1l] - B[-1] B[1l] -
10/3 B[-2] B[-1] B[1l] - 35/9 B[-2]"2 B[-1] B[1l] +
3/4 B[-1]1"2 B[1] + 65/18 B[-2] B[-1]"2 B[1l] + 1/8 B[-1]1"3 BI[1]
- 2 B[1]"2 - 3/2 B[-2] B[1l]"2 - 3 B[-2]"2 B[1]"2 +
17/4 B[-1] B[1]"2 + 22 B[-2] B[-1] B[1]"2 - 29/12 B[-1]"2 B[1l]"2
+ (10 B[1]173)/3 + 359/18 B[-2] B[1]173 - 479/36 B[-1] B[1]1"3 - (
419 B[1]174)/36 + 4 B[2] - 12 B[-2] B[2] + 6 B[-2]1"2 B[2] +
2 B[-2]~3 B[2] - 4 B[-1] B[2] + 16/3 B[-2] B[-1] B[2] +
38/9 B[-2]"2 B[-1] B[2] - 16/9 B[-2] B[-1]1"2 B[2] + 4 B[1] BI[2]
- 22/3 B[-2] B[1l] B[2] - 32/9 B[-2]"2 B[1l] B[2] -
20/3 B[-1] B[1l] B[2] - 34 B[-2] [-1] B[1] B[2] +
65/9 B[-1]1"2 B[1l] B[2] - 3 B[1]"2 B[2] - 95/3 B[-2] BI[1l]1"2 B[2]
+ 44 B[-1] B[1]”2 B[2] + 359/9 B[1]~3 B[2] - 12 B[2]"2 +
18 B[-2] B[2]7"2 + 12 B[-2]1"2 B[2]1"2 + 16/3 B[-1] B[2]"2 +
38/3 B[-2] B[-1] B[2]"2 - 16/9 B[-1]"2 B[2]"2 - 22/3 B[1] B[2]"2
- 14/3 B[-2] B[1l] B[2]"2 - 34 B[-1] B[1] B[2]"2 -
95/3 B[1]"2 B[2]"2 + 12 B[2]"3 + 20 B[-2] B[2]"3 +
76/9 B[-1] B[2]"3 - 28/9 B[ ] B[2]"3 + 10 B[2]"4 +
3 B[-2] B[-1] B[1l] Sqgrt[- 1/2) + B[2]] Sqgrt|
B[-2] - B[1]/2 + B[2]] Cos[2 \ [CurlyPhi]] -
3/2 B[-1]1"2 B[1] Sqrt[-(B[1]/2) + B[2]] Sqrt[B[-2] - B[1l]/2 +
[ ]1Cos[2 \[CurlyPhi]] +
B[-2] B[1]"2 Sgrt[-(B[1]/2) + B[2]] Sqgrt[B[-2] - B[1]/2 +
[2]]Cos[2 \[CurlyPhi]] -
15/2 B[-1] B[1]7”2 Sqgrt[-(B[1]/2) + B[2]] Sqrt[ [=2] = 11/2 +
B[2]] Cos[2 \[CurlyPhi]] - 6 B[1]~3 Sqrt[- 1/2) +
B[ZJ] Sqrt [B[-2] - B[1]1/2 + B[2]]Cos[2 \I[ CurlyPhl]] +
B[-1] B[1] B[2] Sqrt[-(B[1]/2) + B[2]] sgrt[B[-2] - B[1l]/2 +
[ ]1Cos[2 \[CurlyPhi]] +
B[1]1%2 BI[2] Sqrt[-(B[1]1/2) + B[2]] Sqrt[B[-2] - B[1l]l/2 + BI[2]]
Cos[2 \ [CurlyPhi]]}

while, the expression (3.75) of HBNF, in the variables («, 1) is

In[]:= sost4[sost3[sost2] 1/ // Expand

Out[]={4 - 12 \[CurlyEpsilon]”2 + 4 \[Alpha] \[CurlyEpsilon]”2 -
2 \[Alphal”2 \[CurlyEpsilon]”2 + 12 \[CurlyEpsilon]”4
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- (22 \[Alpha] \[CurlyEpsilon]”~4)/3 -
3 \[Alpha]”~2 \[CurlyEpsilon]”™4 +
+ (10 \[Alpha]l”3 \[CurlyEpsilon]"4)/
3 + 10 \[CurlyEpsilon]”6 — (28 \[Alpha] \[CurlyEpsilon]”6)/9
- (95 \[Alpha]l”2 \[CurlyEpsilon]"6)/3
(359 \[Alpha]”3 \[CurlyEpsilon]”6)/9
(419 \[Alpha]”4 \[CurlyEpsilon]”6)/36 +
\ [Alpha] "2 \[CurlyEpsilon]”6 Cos[2 \[CurlyPhi]] -
\[Alpha]”3 \[CurlyEpsilon]”6 Cos[2 \[CurlyPhil]] +
\[Alpha]”4 \[CurlyEpsilon]”6 Cos[2 \[CurlyPhi]l]}

+

w o o |
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Chapter 4

Almost Periodic Solutions

4.1 Introduction

This chapter is devoted to prove the existence of almost-periodic solutions for the semilinear
Kirchhoft-type equation

iut:Au+V>|<u—|—f</T(u+ﬂ)‘B[u+ﬂ]> Blu + 1), (4.1)

where f is a real analytic function in an neighborhood of y = 0 with a zero of order at least 2
iny = 0and A, V, B are Fourier Multiplier such that

1. V xethr = |k‘“7kelkx for {Vk}keZ € £°°;
2. A =+/—Aand Aet® = |k|etke,
3. %[e””] = bkeik’m for {bk}kGZ € £,

We suppose moreover that {Vj}rez, {bk}rez are symmetric with respect to k, in particular
Vo =by=0.

In Subsection we show how equation (4.1) is related to the Kirchhoff equation (1.1). In
Subsection we study the abstract properties of equation , while in Section we
introduce a suitable functional framework, which will be fundamental for solving the homo-
logical equation (see Section [4.3).

In particular, we introduce the functional space gp, s and endow the space of formal power
series of Kirchhoff type, Fiir, with a Banach space structure by means of the inhomogeneous
weighted Lipschitz norm .

In section [4.3| we introduce the Diohantine conditions that allows us to solve the ho-
mological equation (4.42).

In Section [4.4] we introduce the projection operators (4.71), which provide a degree decom-
position according to the order of vanishing of the Hamiltonian at the torus 77.

In Section we reformulate Theorem in terms of the twisted-conjugacy Theorem
whose proof is achieved via the Iterative Lemma

Finally, in Sectionwe prove Theorem|1.2.10

4.1.1 Real Problem

Let us consider a second order semi-linear PDE of the form

¢tt—A¢+f</anii%w)i%w+W*wzo, (4.2)
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where
* f is an analytic function with a zero of order at least 2 at the origin;
« Wx and B are the Fourier multipliers
W eik:p — ‘k|V~Vkezkm’ %eikm — Ekeikm

with )
{Witrez, {||b]:|} € (*(Z), symmetric with respect to k.
keZ

In particular Wy, by = 0.

This equation can be viewed as a semilinear analog of the Kirchhoff equation.

While the classical Kirchhoff model features a non-local nonlinearity involving the gra-
dient norm, our model replaces it with the Fourier multiplier 9B.

This formally preserves the original non-local structure of and allows us to investigate
the dynamics while in a semilinear framework.

The reason of this choice relies on the fact that the Bourgain approach only works in the
semilinear case. Indeed, in presence of derivatives on the nonlinearity, the analyticity of f do
not guarantees that the associated Hamiltonian is regular in the sense of definition (see
Theorem 4.2.3).

Equation (4.2) is an infinite dimensional dynamical system in the variables (v, 1) = (¥, ),
with Hamiltonian

@ = [ 45 [ 0o e ([ vde).

Here D = v/—A + Wx.

Adopting the complex coordinates

1

u=—=(D2¢y+1iD" 2 = —(D 2u+D 21

(Dl Dby b= )

<~
0 = (D} — D) ~(Dhu- Dy
U=—— —1 = —(D2u—Dz2a
\/5 n n NG
equation become
1 ) i

u = —iDu — %f (2 Jp(u+ @)D B[u + ﬁ]) DB (u + u)

- i i
uy = iDu + %f (2 Jp(u+ @)D 1 B[u + a]) D 1B (u + )

By defining
1 = " Bk o
B = -D 1%, B ezk:p _ 767,’6 :E7
2 [ } 2\ k% + Wy,
and

Wi,

ei
/Wi + k2 + ‘k‘

Vs =D — /—A, V*eik-m — k-x
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we can write system (4.3)in the more suitable form

up = —iAu —V xu— %f (Jp(u+u)Blu+ a]) B(u+ )

s :iAﬂ—{—V*ﬂ—l—%f(fT(u—i—a)%[u—l—@])%[u—i—ﬂ]
that, recalling A = v/—A, is exactly equation .

4.1.2 Abstract structure of H

The Hamiltonian
H(u, ) :/u-Au+/V*|u|2+1F </(u+u)%[u—l—u]> (4.4)
T T 2 T

associated to equation (4.1), can be represented, from a purely algebraic point of view, as a
polynomial

H(u,u) = Z H, su®a’
a,/BGN?

in terms of the Fourier coefhicients {u;};ecz of u.
It is, indeed, an element of the space F discussed in Section m
Moreover, since the non-linear part

;F(/T(u+ﬂ)’3[u+a]>

shares the same structure of the Kirchhoff nonlinearity (1.1), in particular we have that H is
an element of the sub-space of the Kirchhoff-type power series Fiir (see (3.1.3)).
We recall that the elements of Fi;, admit an equivalent writing in terms of the variables

Ij = UjU and Wj = U;jU—j.

In this case, we have

/n((u—i-u)%[u-i-u]):/nu%[u}—|—2/nu%[u]+/nu‘3[u],

that in Fourier is

Z bj(uju_j + ﬂjﬁ_j) + 2 Z bjujﬁj.

jez =
Defining the quantities
Py = Z b (W; + Wj), Hyo = Z b(L; +1_;). (4.5)
jeN jeN

we can re-rewrite Hamiltonian (4.4) in the following way:

H=3"G+ V)T + 1) + 5F (Huz + Pa). (4.)
jEN
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Using the Taylor expansion of F at 0 we get
H=A+V+Hy+Hg+ ...+ Hop, + hoot.

with
Fn) (0)

Hs, = ] (Hgg + P%)n S ]:l%ﬁ'a n > 2.

We then have an equivalent writing of H in terms of the variables 7, W

HI,W) = > Hpopl"WW"
m,a,b
= D G+ +I)+ Y Fpapl"WeW’
JEN m,a,b

If we want to write H in function of the u, @ variables (again formally) we have:

Hu) =31+ Vi)lw 2+ >0 Fogud’,
JEZ a,BEMyirk

where, recalling definition , Muirk is the set of the indexes «, 8 € N%, such that
g =m +ag, oa_p=my +ag, Be=my +by, B =my + by, (4.7)

for a,b,m* € NI;I and ag = By = 0.

We recall moreover that the Hamiltonian is invariant under the change |ug|? +— |u_g|?
or equivalently, in the I, W variables, I}, «— I_j.

This means that, if we write the index m € N7 associated to the variable I like m = (m™*,m™)
with m® € N, we have the identifications between the coefficients

Hm“’,m—,a,b = Hm—,m+,a,b'

4.2 Functional Setting

In this section, we describe the theoretical framework necessary for the study of (1.27).
We recall the definition of formal power series in Section

4.2.1 Weighted Spaces

We start by choosing a sequence {h;} ez such that

(1) hj=h_; jeZ (4.8)

(2) hj1+j2 < hjl + h]’Q J1,J2 €N (49)
. In(i)

3 1 —0 . (410

(3) T (4:10)

For a fixed s > 0 we consider the following scale of Banach spaces

s = {ui= (w)jez € P(C) : [ullg,, = p e
JE
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and we endow it with the symplectic structure coming from ¢2.

Similar weighted spaces of this kind have been considered in [37] in the context of the NLS
equation. However, the norm introduced in [37] is based on the ¢! norm, whereas the norm
considered here is based on ¢°°. We refer to that paper for a detailed discussion of the conse-
quences that different growth conditions have on the associated weighted spaces. As example
of gp, s one can consider:

1. Gevrey case:
For h; = |j|? with 0 < 6 < 1, we get the space of Gevrey functions of index 1/6.

2. Logarithmic Case:
For h; = In" (24 |j]), 7 > 2 we have a specific class of ultra-differentiable functions,
that strictly contains the Gevrey functions.

3. Analytic case:
For h; = a|j|, a > 0 we have a sub-space of the space of analytic functions on the strip

T,={(z,y) € TxC: |yl <a}.

As we anticipated in the Introductionqnditions and (4.9) are necessary to ensure
the monotonicity property of Lemma [4.2.3| while condition (4.10) is fundamental to get the
estimate for the solution of the homological equation (¢.42).
In this regard, since the constant C' in depends on the structure of h, in order to keep
the calculations clear we perform the KAM scheme of Section [4.5|in the specific case

hj :=1In(1 4+ [5])**¢, ¢ > 0.

With this choice of h one also obtain the algebra property for the corresponding norm g, 4.
We stress however that thanks to the Kirchhoff-structure this is not needed, as Lemma [4.2.3
shows.

4.2.2 Space of Hamiltonians

In the case of analytic Hamiltonians, the norm gp, s induces a Banach-scale structure on the
space of formal power series F:
given H € F we define its majorant as

H(u) =Y |Haplua’. (4.11)
o

Definition 4.2.1 (Majorant Analytic Hamiltonian) For r > 0 we denote by AP(gp ) the
subspace of]:formal power series H that are also well deﬁnea' maps

H : Br(ghﬁ) — R,
for which H is point-wise absolutely convergent in By (g, s).

Definition 4.2.2 (Regular Hamiltonian)

Forr, s > 0 a Hamiltonian H € A, (gn,s) is regular ifits Hamiltonian vectorﬁela’ is bounded, that
is

|H

1
T',h,S = ; ( Sup ||XH||gh,s> (4'12)
T

|l Gh’sg

The space of regular Hamiltonian is denoted by H, p, 5.
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Let us note that | - |, p,  is 2 semi-norm on the space of formal power series, since is zero for all
the constants. However, since the Hamiltonians of the form have a zero at the origin, we
will assume H(0) = 0, endowing in this way H,. p, s with the structure of Banach scale with
norm (4.12).

In the next Subsection we will show that the Poisson brackets and Lie exponential, defined only
to a formal level in Section are actually well-posed within the class of regular Hamilto-
nians.

In order to do so we need a better characterization of the norm | - |, p, s:

Lemma 4.2.1 ([24], Lemma 2.2)
For H € M, p s we have the alternative definition of the norm (4.12)

z(M) (r, S)<°‘+5_2e’“), (4.13)

|H|T,h,s = sup E Bk |Ho¢,ﬁ
kEZ ap
with

zg-h) (r,s) :=re 5, (4.14)

Proof: From the definition of || - ||, , it follows that
luj| < z(h)(r, s), forall Jullg, <7 (4.15)

Since the majorant H is point-wise absolutely convergent, its vector field has explicit expres-
sion
G _ b,
Xy =i ) |HaglBjua’,

Oa,,BeN?
hence, for every |[ullg, , < r we have
HXE(U)HE = sup Xg) eshi
° jez | &
< sup Z [Hop ﬁj|ua’ﬂﬁ_ej|es'hj (4.16)
JEZ a,BGN?
(4.15)
< sup D [Hagl Ble™(rs)rt 0 cret
JEZ a,ﬁeN?
- e
gs
Since 2™ (r, s) € B, (gh,s), we have that
1 1
. sup ||XE||95 = - HXE(Z(’I)(n 3)
r [lullgs <r r gs
1
= s D [Hop| Bila®)(r )P0 e
T2 o BN
(4.14) = e o2e,
=" sup Y |Hagl Bl (1 s) ,
JEZ a,,BeN?

that is . O
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Remark 4.2.1 From Lemma it follows that a formal power series H € F for which (4.13) is
fnite, totally converges in the ball B, (gp,s).
Indeed one has

(4.15)
Y. sup  [Hapgl|ud’| > [Haglz®™ (r, s)*7
a,BeN% lellgn,, < B
(4.14)
< r2e—25-hj Z |Ha7,8|z(h) (’I", S)a+,3—2@j
a,B
(4.13)

< T2|H‘r,h,s'

Hence, both H () and H(u) are analytic in the open ball B,.(ghs), moreover, from (4.16) we have

1
Hlys = ~ [ Xu ™ 0.5))

s

Remark 4.2.2 Let us note moreover that, by the reality condition (3.12), one has

|H|qps = sup Z Bk |Ha,gl Z(h)(r, 3)(a+/372@,€)
k€Z 5

=
-
L

sup Z ay |He g 2™ (1, s)l@tF=2er) (4.17)
kEZ B

ag + 5
s O W,
(07

5
-
L

kEZ

4.2.3 Lipschitz Norm

In order to keep track of the Lipschitz dependence of the Hamiltonians on the frequency
w we introduce the inhomogeneous weighted Lipschitz norm on the space of regular
Hamiltonians.

We start by defining the hypercube
z , 1
Q=1w=(w)jez € R” : qu]wj — 4]l < 5
J

which is endowed with he probability measure p induced by the standard product measure v

Z
on [—%,1]" from the map

1 1% ,
w:&={}jez € [—272] = {ljl +&}jez € Q,

namely

(A =vw t(A), ACQ. (4.18)
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Let us consider a set A C Q of positive measure and let us consider a family of regular Hamil-
tonian H(w) € H, p, s parametrized by w € A.
We define the Lipschitz semi-norm of H as

‘H’LipaA = sup ‘H(w) - H(w/)|7’7h75 (4 19)
rh,s oy ’w _ w,‘oo : :
w,w'eA
Moreover, by setting
Hw) - H(W
Ay wH = W w,w €A w#W, (4.20)
- o0

the norm (4.19) has the more compact writing

H = sup Ay, H]|
w'#w
w,w' €A

rh,s”

We finally consider the space of Lipschitz regular Hamiltonians

Lip,A
HISPA < oo},

Hrhs.— {H(-):.A—fr’-[rhs: sup |H(w)
Y weA Y

moreover for a fixed 4 > 0 we endow H7, _ with the structure of Banach space with the
inhomogeneous weighted Lipschitz norm

Lip,A
I1H 5, = S | (w)lrhs + P | (4.21)

4.2.4 Poisson Bracket and Flows

From Section we recall that the space of formal power series F is endowed with a Poisson
algebra structure via the Poisson bracket

. a( ) a( )— —€j; (1) (2)— —€;
{F.G} =1 Z Fom s0)Goe g Z (53(1)045-2) - 0{5-1)5](-2)) ey fUH6E
a6 e’ jez
(4.22)
This also holds beyond the formal setting, when we consider the scale of Regular Hamiltonians
{Hrhs}, o>0 as shown by the following result:

Proposition 4.2.1 let us consider F, G € Hyyp s with p > 0, we have that {F,G} € H,q,,
moreover

.G < S { 1.7 VL il Gl (423)
Analogously, for family of Hamiltonians F, G € Hrﬂ, o one has
” 'rhs = {1 } HFHT-‘FPhSHGHT-i-phS (424)

Proof: For

W _gm @ _g@)
Y Faogou® @, G= Y Guegeut a’,
o) B NOWE!
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recalling (4.22) we have

1 2 1 2 1 2
< SUPZ > P 500G g [ (B0l + oM 8P (80 + 82 x
7 oM 50 0@ @)
(1) e+ +aE 43020, 20s.

Xz

Let us analyze the terms of the form

(1 D180 1a@ 452 _9e.
_ sUpZ Z |Fy) s G o 5<2>\6 a2 )ﬁk) () (@480 +a®+52) —2¢; 2¢y)
J oM ) a2 g2)

we have
1) (1 (40—
A4 < [ g |85 B2+ 7200
i ),
1 (1) (1)
= |G|rsSUPZ Z |F, (1)5(1)| +B )B ()(a AT ~2ex)
i a8
1 450 _
= 4 rssupz Z |F<1)5(1>||oz + 8 |5k 2(r) P+ 2e0)
j a(l) ﬁ(l)

>(a(1)+5“’2)

[F) gy b8 2 (r + p) @M+ =20 |0 (D) 4 (1) <
a1, 5(1) T+p

IN

) (JlaM+51|-2)

r
GlrolFlins sup a4 5]
o, B ENZ TP

Since |a(M) 4+ M| > 2 we have

(laM 450 |-2) r (z—2) r
) Ssup( ) SQmax{l,}.
x>2 \T +p P

This concludes the first part of the proof. For what concerns (4.24), recalling (4.20) we have

sup  |a) 4+ g0 (

7 T+
), 6N p

Aw,w’{Fv G} = {Aw,w’F> G} + {F, Aw,w/G}

and hence

Lip.A
HE, Gy =< (4.25)

8max{1, r} sup (|Aw7w 7 )
P ) wtw'

Using (4.25) together with (4.23) and the definition (4.21), we get (4.24). O

As a consequence, we have that also the symplectic changes of variables defined in
are well-defined maps within the scale {#,.p, s}

Aw,w

r,s>0"
In particular the flow of H € H,., ; is locally well- -posed and generates a symplectic transfor-

mation on gp, :
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Proposition 4.2.2 For fixed i > 0 and A C Q, let us consider S € Hth s with p > 0 and
suppose that it holds

p
<0i=—". 4.26
rtphs = 16e(r + p) (4.26)

Then for every w € A the time 1-Hamiltonian flow, (I)é’(w) : Br(9s) — Byrip(gs) is well defined
and analytic in By (gs), symplectic with

IS5,

P
r+p h,s < o= 16¢ (4'27)

IN

(r+p)

sup CIJ}g(w) (u) —u

UEBT (gs) s

moreover, for any H € Hth , we have that H o % = eV H € ”H;‘}h’s, (e{"s} —Id)H €
rh s and

A

.S
He{ Y o< th, (4.28)
: A
[(5t—1a) a1 < 6TISIE I (4.29)
.S A
[(0r—ra— sy 7 < S (IS WHE A 630
More generally, for any h € N and any sequence (ci)ken with |cj| < k" we have
A IS h
7" 7h s
k>h r,h,s
where adg(H) = {H, S}.
Proof: In the following, for brevity, we sill write || ||T h.s instead of | - || s
Let us fix w € A and write S in place of S(w), by (4.26) we have that
P
sup | Xslg, < (4 p)[Sllrrphs < 6o (4.32)

u€Bryp(0s)
By Lemma B.1. of [24] with E = g5, X = Xg, 0o = (1 + p)||S|lr+phs and 11 = r + p we
have that the Hamiltonian flow of S is well-defined for

p
(r =+ PISlr+p.1.s

| < T = > 16¢

and, for ¢ = 1, moreover, using (4.32) we have

< (r+ P15+,

P
sup ‘(I)S >_Ug_ h,sSrGe

UEBT gs

From this follows that H o ®§, = etSIH e H’f}h,s and (e{s"} ~Id)H € Hfh,s-
1
Finally, (4.28), (4.29) and (4.30) follows all from (4.31) with ¢;, = = by the definition of Lie

series.
Now, for a fixed & € Nlet us construct a sequence of decreasing balls, all contained in B, ,(gs):

we define .
T4 ::r+p<1—;>, i=0,...,k.
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Let us note that

1S]lr; < ISllr+p and 1+ kp” <k <1 + ;) Vi=0,...,k (4.33)

Using k-times (4.23) we have

tan] ., = [{saaten}] s smac{n T b Sl [ ton)]
=8 (1 ) IS [t |
8k HHHT-H?JL,S H <1 + Tf) HSHm‘,hvS
i=0,....k—1
‘ ‘ k
o I ERRA VTN I
‘ \ k
= (M)

then, by the fact that kF < eFk! we have

Seads(m)| < Yafaasn)|
k>h h k2h o
rh,s
1514 s\ *
< U 3 ()
k>h
) 10, "
- QHH”r—l—p,h,s T ’
Moreover, from (4.27) it follows
i 1
Z CkadS(H) < oh—1 ||H||T+p7h,s :
k>h r,h,s

O

4.2.5 Kirchhoff-Type Power Series and I, W variables

Since we are dealing with Hamiltonians that are polynomials of the Kirchhoff type (see (3.1.3))
we want to study how the norm (4.12) behaves on the elements of Fyy.
We start by defining the sub-space
Hr,h,s = HT,h,s N Fiir
and, similarly, for a fixed A C Q
HA, | = {H(.) A Hpps sup ()l |H|EPA < oo},
we
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endowed with the norm (4.21).

Recalling that, for a generic monomial in the variable u = (u;);ez it holds
ua@? = IMWeW?t,  a,be NI?, m € N? such that holds,

we can rewrite the semi-norm in (4.17) in terms of the the variables I, W defined in (3.3).

Lemma 4.2.2 On the elements of Fyir we have the alternative expression for the norm (4.13):

* N b _
|Hlyps = sup Z (mk +my +ag+ k) \Hm,a,blz(h)(h 8)2(m++m +atb—er) (4.34)

2
keN

Proof: Keeping in mind the symmetry of the weight h we have

Z(h) (7’, 8)2(m++m_+a+bfek) — Z(h) (’I”, 8)2(m++m_+a+b*€7k) Vk € N, (435)

moreover, thanks to (3.11) we got

+m— _
Hlps = sup > (mp+bjyy) [Hinap| 2™ (r, )20 4 Fottmen)
ReZ
+ —
3.11), (435 m; +m; +2b _
sup ) s Qk 2 | Hop ] 2™ (1, 5) 20" Hm ™ Fatboen)
keN,
+ —
3.12),(4.35 m; +m, +2a - B
oup 37 I g 00, s )
keN,
_l’_ -
3.12),(4.35 m; +m; +ap+0b _
sup g kg L0 | Hyp o] 2 (1, 5) 2T Hmatben),
keN,
O

Remark 4.2.3 Reasoning as in Remark we have that ifaformalpower series ofKirchhoﬁr—type
totally converges for u € By(gn,s), then the corresponding formal power series in the I, W variables,
namely

H(I,W)= > Hpap"WW°

m,a,b

totally converges for I, W € B,2(gn,25) with estimates,

Z |Hm7a7b||lm||Wa|Wb| < Z |Hm,a,b| Z(h) (T7 8)2(m++m*+a+b—ek) < T‘2|H

ma,b ma,b

rh,s.

Moreover, a formal power series in the variables I, W for which the right-hand side of (4.34) is finite,
totally converges in the ball B,2(gps) and is and element of H,.p, s with norm given by (4.34).

We now investigate under which conditions a Hamiltonian of the form (4.4) is regular. This
reduces to determining for which functions F the associated vector field Xy is finite on a
suitable ball B,.(gn,s). This question is addressed by the following theorem:
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Theorem 4.2.3 Let us consider an Hamiltonian, H, of the form
H(u) = F(H%g + Pg;),

where F real function analytic function.
If f = F' is analytic in a ball of radius r, with norm |£|g defined in ﬁnite, then H € H, p 5,
provided
4)[b[|ocCh(s)r® < R, Ch(s) =Y e M. (4.36)
jeN
We have moreover the following bound

(81[6]I3.Ch(s)r?)

H, < IO (437
Proof: Let us first note that for u € Br(gp, s) we have
Py = > b(W;+W;) <2 |bs||W;|
JEN JEN
< 20z, Y lojlem M = 2][b]|ooCh(s)ull?,
JjEN

the same inequality holds also for Hy o. We then have

Hyg o + Py < 4][6]|ccCh(s)[lull3, - (4.38)

Moreover, since also |F|g is finite we have that H = F(Hg o + Py) defines an majorant
analytic function on the ball B, (g, 5).
Finally, we can write

Xp=f (H%g + Py) Z [Jj(u]‘ + ﬂ_j)eij'x.
JEZL

Since

f (Hp2+ Ps)| < D _[f|Hp s+ Pyl

d>2
< D DN Ib]loeCr () [ull2,)
d>2
@.36)  (4]1b|ooCh ()72

R

we then have that

1Xrll,, < 2|f(H<B72+P%)|.$2§(|bj|’uj‘es-hj>
J

< 2[[bjloolf (Hep,2 + Py) | - (suplujles'hj)
JEL
= 2|[bllool|ullg, |t (Hs2 + Ps) |
(8]/6]|2,Cr(5)r2)
= Jul,, S0 fln

R
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From this easily follows

1
|H|7’7h,5 = - Sup HXEHQS

" \lullgs <r
8[6]2Cr(s)r?) o 1

< BlblI5Cnls) )|fy}r sup |[ullg,

R r [lullgs <r
~ (8]6]| A Cr(s)r)
- = £] -

O

Remark 4.2.4 We stress that a crucial ingredient in the proof of Theorem is the fact that the

Hamiltonian depends on the integral term

/T(u+u)%[u+u]

and is therefore restricted to Hamiltonians of Kirchhoff type.

In contrast, in the work of Biasco-Procesi-Massetti [24] on the NLS equation, where such a charac-
terization of the Hamiltonian is not available, an analogous result is obtained by exploiting the algebra
property of the norm || - |5 p.

However, in order to ensure this algebra property, one needs to impose additional lower bounds on
the growth of the sequence {h;}. For instance, one may require

hj =log>™(1+1j]), &>0.

Thanlefully, in our case, this is not needed.

4.2.6 Monotonicity of the semi-norm with respect of s

A key step in carrying out the KAM algorithm of Sectionis the monotonicity of the norm
(4.21) with respect to the parameters r, s, and the set .A. We shall restrict our attention to
Hamiltonians belonging to H. Within this setting we have the following result:

Lemma 4.2.3 Let us fix r,s,p0 > 0 and A C Q. The following inequalities hold for the norm
(4.21):

(i) For every r1 < ro we have ||H||“’A < ||HH“’A

T17h75 T27h7s'

(ii) For every p1 C g we have HHHﬁ,“h“;‘ < |]H||if2hé

/'67-/41 S HHHMaAQ

r,h,s r.h,s*

(iii) For every Ay C Ay we have | H|

(iv) For any o > 0 we have

1l v < IH s (4.39)

Proof: While (4), (i) and (44¢) follow trivially from the definition (4.21), (iv) requires a more
careful analysis:

we start by proving (4.39) for | - |,. 5 s, namely
‘H‘r,h,s < |H‘T,h,s+a-
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Recalling (4.34), we need to show that, for every m™*, m~, a, b € NJI\J and every k € supp(m™)U
supp(m™~) Usupp(a) U supp(b), one has

(mj +m, + ay + bi)

‘Hm7a7b’ Z(h) (T‘, S+ 0)2(m++m7 +a+b—eg)

2
+ J—
< (mk + mk2+ ap + bk) ‘Hm,a,b’ Z(h) (747 8)2(m++m*+a+b76k).
This equals to verify
exp |—20 z:(m;r +m; +a; +bj)h; — hy <1 VkeN (4.40)
jEN
and so
> (mf+m; +a;+b)hj—hy >0 VkeN, (4.41)

1€EN

but inequality (4.41) is trivially true since m;” +m, + aj, + by > 1.
From this, inequality (4.39) follows easily. O

4.3 Homological Equation

The proof of Theorem relies on the KAM scheme delineated in Section The key

step in such scheme is the solution of the so-called Homological equation, namely
{D,,G} =F, (4.42)

where

Dw = Zwﬂuﬂz = ij'fj. (4.43)

JEZ JEZ.

is a quadratic Hamiltonian.
We know from Lemma that equation (4.42) is well posed within the space of formal
power series F if I is in the Range of {D,,, -}, namely

Rei={H € Fi Hop=0ifw-(a—8) =0}

and has solution

The aim of this section is to show that, for particular values of w, L;! is indeed a well defined
operator on the Banach scale {H, p, s }s>0.
In order to keep the resonances

W(Oé—ﬁ), Oéa/BGNZ7

as simple as possible, Bourgain’s idea [33] was to impose a strong non-resonance condition.
This condition allows one to solve the homological equation not only at a formal level, while at
the same time holding on a set of frequencies of positive measure. This motivates the following
definition:
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Definition 4.3.1 (Diophantine Condition)
For 0 < y < 1, we say that a vector w € Q belongs to D if

|w - €\>7H H“ )VEGZZ,wzth|€]—Z|€j\<oo.

JEZL

Trivially, for every frequency w € D, one has that w-(a— ) = 0, only when a = f. It follows
that the resonant monomials are precisely those involving only the linear actions {|u;|*};ez.
Moreover we have that the Diophantine frequencies are typical in Q:

Lemma 4.3.1 ([22], Lemma 4.1)
There exists a positive constant C such that, for every 0 <y < 1,it holds

£(Q\Dy) < C- . (4.44)

Where p is the measure defined in (4.18).

4.3.1 Kirchhof-Type Power Series and Symmetrical Frequencies

If we restrict to the sub-space of Kirchhoff-type power series the operator {D,,, -} acts on the
monomials I™W2W? diagonally as

{Dy, "W W’} = (wF +w™)(a — b)) I"WW?,

where w® € RN is the vectors of the term of w with positive (respectively negative) indexes.
Since the linear part of Equation is a diagonal operator defined by the symmetric sequence
7] + V; and since also the vectors v — 3 are symmetric for Kirchhoff-type power series, we
impose the same symmetry also on the frequencies w:

we restrict to the set

QSym .— {w ={wj}jez € Q: wj =w_j}.
for which the Diophantinte frequencies are

Ve e 7N, with |¢] .= Z 105 < oo},

1
D§ym = {we QSym . |5 . ¢ >7H
J JeN

121412)2°
S NENTAEE
(4.45)
where @ € RY such that ©; = w; for j € N.

One can prove that D5¥™ satisfies an estimate analogous to (#.44), moreover, the operator L'
on Fiir and for w € Q5Y™ is still well defined, with expression

_ Fm,a,b MYT7aYT
LY (F)= ) m] WW?,  F € Rigr(w), (4.46)
mENf

a, bGNN
where, similarly to Chapter Riir(w) = R(w) N Fiir-
The aim of this section is to prove the following result:

Lemma 4.3.2 (Resolution of the Homological Equation) Let 7, s > 0,0 < o < 1 and
consider a family of Hamiltonians

Dﬁym Sw— F(w) e Hpps.

124



Then, for G := L, (F) € H,. p, s+ with the following estimate:

Sym Sym
T <3y C@ R (4.47)

HG’ rh,s+o —

where C(o) is given in (4.67).

4.3.2 Decreasing Rearrangement

We start by proving (#.47), for a fixed w € DJ¥™, namely

|G’T,h,s+a' < 377160(0)’F|r,h,s- (448)

ForjeNem™, m~, a,bec N? such that |a|, [0 # 0 and mj +m; +aj+bj # 0 one has

|va“vb|zgh) (r,s+o )2(m++m’+a+b_ej)

Ll e
w-la—

—20(mt+m~ +atb—ey
= |(: :L ab)| ek)IFm,a,b\z§h><ns>2<m*+m‘+“+"*ef>,
w-\a—

then, holds if

exp [—20 (ZieN hz(m:' +m; +a; + b;) — hj)]

<37 1@ ya b e NY. 4.49
|2(:)(Cl—b)‘ = fY € 9 a, S f ( )

It is crucial to estimate the term

Zhi(mf—i-m;—i-ai—i—bi)—hj.
1€EN

We have the following result:

Lemma 4.3.3 ([23] lemma 7.1, [33] (1.13))
Let us consider m*, m™, a, b € NI}] with |a|, |b] > 1 and a # b. If

> (@i — bl

1€EN

<10 " ai —bil. (4.50)
1€N

then, for every j € Z such that mj +m; +a;+ bj # 0 one has

Z |ai - bl|h1 < 22 (Z(mj + m; +a; + b])hz — hj) (4.51)

1€N 1€N

To prove Lemma @, we rely heavily on notation and results introduced by Bourgain in
[33]], and later extended by Cong, Li, Shi and Yuan in [35] (see Definition 6.1).

The definitions presented below constitute the main technical tools of the proof. They origi-
nate from Bourgain’s work [33] in the setting of Gevrey regularity for momentum-preserving
Hamiltonians, and were subsequently adapted to a more general framework, including the case
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of Sobolev regularity, in [23]].

These ideas were originally developed for the nonlinear Schrédinger equation and crucially
rely on its quadratic dispersion law.

In the case of the wave equation, which features a linear dispersion law, a related approach
was employed by Cong and Yuan, though under stronger non-resonance assumptions. For
wave-type equations, it is therefore unclear whether the same strategy can be implemented
while retaining the non-resonance conditions .

However, for Kirchhoft-type equations such as , the situation is different.

The specific structure of the nonlinearity significantly reduces the number of resonances, mak-
ing it possible to apply the ideas of [33]], [24], and [23]], while keeping the same non-resonance
assumptions .

Definition 4.3.2 (Decreasing Rearrangement) Let us consider v € NY and the set I =
{1,...,|v]}. We denote with i = 7(v) the vector (1y)er that is the decreasing rearrangement of
the sequence

{n > 1 repeated vytimes} U {1, repeated vy times},

namely, if J is the maximal index in supp(v), we have

aw)y=|J,.. J,J=1,...0-1,...,1,...1
| Ny — ~——

vy times vy_1 times V1 times

For a fixed m*, m™, a, b € N} with[a|, [ > 1 and a # b, we define

A~

fi=na(mT+m” +a+b), m:=n(a-0b),
where |a — b| = (Ja; — bj|)en.

We make the following observations:

1. for every i € I there exists a coefhicient o; € {—1, 1} if oy # 1 and 0; € {—1,0,1} in
the remaining case such that

Zaiﬁi = Zl(al - bl).

iel j>1
2. If we denote by D the cardinality of 7 and with N the one of 7, it holds

D <N.

3. Leth : N — R be anon-decreasing function such that #(0) = 0 and let o; = sign(a,, —
bm, ), we have

S hi)ai bl = > ki)

i€N 21

(4.52)
Zh(z)(az — bl) = Zalh(ml)
iEN 121
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Moreover we have

> Jai—B=D<N (4.53)

€L
4. We have the following

Lemma 4.3.4 Let a # b € NY, such that |al, |b| > 1 and (4.50) holds, then

] <21y (4.54)
1>2

Proof: If D is the cardinality of /m then we distinguish two cases:

D=1

the only possibility is that |a — b] = 1 and so must exists a unique ¢ € supp(a —b) C N
such that a; — b; = 1( or alternatively —1).

Suppose without loss of generality that a; = b; + 1, then we have two cases :

if i < 71, hence (4.54) follows easily;

if iy = i,then m; +m; + a; +b; > 3, and so 7g = Ay and so my < >,y Ry

D> 2:
From (4.52) together with we have that

|| — Zaimi < Zdimi Zi(az‘ —b;)

<10 la; — bil. < 10N

i>2 iEN ieN ieN
then
|m1‘ < 10N + Zdimi < 10N—|—Zmi
i>2 i>2
< 10N+ d; <10+ ) (10 + )
i>2 i>2
< 10+ 112@- < 21Zm
i>2 i>2
O
Proof of Lemma Let us proceed by steps:
First of all we have that
> h(i)|ai — bi| < h(a) + > h(fy). (4.55)
iEN 1>2

In fact, using (4.52) and the fact that m; < 7; we have that

> h(i)ai—bi| = D h(iu) = h(in) + > h(1iu)
i€Z >1 1>2
< h(ma) + Y h(ny)

1>2
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Using (4.55) together with the sub-additivity of i we have

> lai —bilh()) < h(ma) + > h(iy)

i€N Jj=2

W20 i |+ h(f)

>3 1>2

21> " h(fg) + Y h(iy)

1>2 1>2

22 " h(fy) < 22 (Z () — h(ﬁl))

1>2 1>1

IN

IN

IN

4.3.3 Resolution of the Homological equation

The aim of this subsection is to prove Lemma To this end, we first verify estimate (4.49).
We then consider two different cases:

Case 1

Z(ai — bl)Z

1€EN

> 10ja — b|.

1
Then, since we got w; = j + & with [¢;] < 3 it holds
|0 - (@ —b)| > 10|a — b| — sup |¢;||a — b] > 9]a — b] > 9.
J

Hence, from (4.40) we have

exp [—20 (Zz‘eN hz(mj +m; +a; +b;) — hj)] -1
|20 - (a — b)] -

Case 2

Z(ai — bl)’L

1€N

< 10ja — b|.

If one between a and b is null (let us suppose without loss of generality b = 0) then, thanks to

we have

@-(a—b)>5 >

N
ro =2

since, @ € Q5™ implies @; > % for all j. Then, reasoning as above, inequality (4.49) follows

again by (4.40).
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If |a|, [b] > 1, thanks to inequality (4.51) of Lemma 4.3.3] we have
exp [—20 (X ;en hi(m +m; +a; +b;) — hy)]

20+ (a —b)]
g
o [y (il 1) 459
= 20 (a — )| '
(4.45)
< 4 lexp [Z ( — %|ai —bilh; +21n (1 + |a; — bi‘2|j|2) )] :
€N

In order to estimate the right-hand side of we have the following:

Lemma 4.3.5 Let us consider the family of functions

g

11xhi +21In (1 + 2%}i]?)

fl(@)

indexed by i € N then it holds
™ f(lai — bil) < ()

1€EN
with C(o) := 2ig(5n |ig| — 3), for a suitable iy depending on h and o.

Proof: We want to find an uniform bound for the family of functions:

fP(2) = —azh; +2In (1+ x2]i|2)

)

ith a := —.
with a 11

Using that In(1 + y) < 1 + In(y) for every y > 0 we have that
fP(z) < —azh;+ 2+ 4In(z) +4In)i| forallz > 1
Keeping in mind that we have
—ah; ifah; >4
max ( — ah;x + 4ln(g:)) =

x>1

—4+4ln( 4 ) if ah; < 4

an;

Let us denote by ig € Ry the number for which ah; = 2, i.e.

io="h"! (4> (4.57)

«
We then get
S fMai=bil) = > e —bil) (4.58)
ieN ieN

VAN
/|\
)
+
W
=)
/‘\\
N———
+
.
E
N
T =
N~~~
N———
+
N
=}
s
+
W
5
+
N



We split (4.58) in

P s (o (L) (1))

1<ig
a;—b;#0

II = Y (—ah;+4i| +2)
>0
a;—b;#0

o /:

> ())<= 2 (e (Q)em(G))

1<ig 1<ig
a;—b;#0 a;—b;#0
= 2 ) (2kig| - 1)
<10
(Zi—bi#()

2liol (21 fio] — 1)

IN

oI
We can suppose without loss of generality that |ig| > e (we can reduce the size of o if is not)

> (—ohi+4lli|+2) < > (—ahi+6]i).
i>i0 i>ig
a;—b;#0 a;—b;#0
Let us consider the index
i*(0) == mli\\?] (Ohy > In i), (4.59)
1€

then, setting i* := i*(a/6) we have

> (—ahi+4lfi|+2) < > (—ah;+6]i)

i>ig i>i0

ai—bifﬂ az_b77£0
< Y (—ahi+6li)
i0<i<i*
a;—b;#0
< *(61ln|i*| — ahy,)
— 2 (3Ini*] — 2),
where the sum is intended to be zero if 79 > i*.
By choosing
iy (o) := sup{ip,i*} (4.60)
we have
S 7 (las — bi) < 264 (3 nig |~ 3) = Cfo). (61)

1€N
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Proof of Lemma

Thanks to Lemma and inequality (4.56), we have that

sup = =7 € )
jeN 20 - (a —b)]
a,b,m*,m7€N§
that, using definition (4.34), yields to
1L F(@)lrhsto 7O FW)|rns Yo, o € DSY™, (4.62)

Now, by recalling the definition of A in (4.20),
sup ‘Awsz;lF‘

S r.h,s+0 "
w,w’ epyy™
w;éw
First of all, let us note that
Ay wL'F
Aw w’ 'Finap b 1 b
= 7ImWaW F, wo | == | MWW,
ZQZU) (a —b) +Z m.ab( 2iw - (a — b)
We define
Aw w’Fm a,b b
G o= Y e imaed pypept,
! 2 2@ - (a — b) ’
1 _
Gy = F, NAy o | =——— | WP,
2 Z m,a,b(w ) w,w (21(:} . (CL — b))
Using (4.62), we have that
sup |Gl psro < 7 1efl0) gup ‘Aw7w/F‘rh7s. (4.63)
w, w'epSy™ w,w'epSy™ ’
w;éw w;éw

We now have to bound the H, p, s +o-norm of the term Ga(w):

, 1
oo ()

(h)(T S+J)2(m++m*+a+b—ek)

1 - _
< sup |F|T,h,s HA%M (22@ >‘6—20(m++m +a+b—ek)h:| Z(h)(’l“, 5)2(m++m +a+b—ek)‘

weDSym . (G/ — b)

Now, for w, w’" € D, we have

1 _ 1 ‘
1 2w (a=b) 20 -(a—b)
AW“@M-@—@N e — ol
1 ‘(w w) (CL—b)’ HW— /H—l
1w (@B @b S

1 la—b
4@ (a— B[ - (a—b)|

IN
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Using the non-resonance condition (4.45) we have

\AW <2w(1_b))‘ < Jo— bRy L1+ Jay — b))

JjeEN

v 2T+ lay — 052 (5)?)°.
jeN

Then, using (4.51) and proceeding like in Lemma (4.3.5) we get that

s (gten)

v Zexp | ( - %]ai — bilhi + 51 (14 |a; — bi2(3)2) )] (4.65)
LieN

IA

e—2(7(m++m’+a+b—ek)h

IN

= 7 Zexp 52(‘zglai—bi|hi+21n(1+\ai_bi‘2<i>2))]
L €N

[ 2
< 'y_QeXp 5C<5U>}

Finally, by (4.64) together with we get that

sup ’G2’rhs+a S 7_2650(%0) sup ‘F’T,h,s‘ (466)
w,w' €D, n weDy
wHw’
Now, using (4.63) and (4.66),
.D
||G ’ry,h,,g+a < sup ’G|7‘7h75 +7 sup ‘Gl‘r,h,s—i-a +7 sup |G2|r,h,s+a
w€eD~ w,w' €Dy w,w’ €Dy
wHw' w#w’
e S [ e

that is with
C(o)=C¢C (5> : (4.67)

O

4.3.4 Logarithmic Weight

We now consider the case of

h;:= [1n(2+|@'|)] , T > 2.

Putting again o = 10—1 we have, by (4.57)

oo (1)] 2
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and, in order to find i* we have to solve

2merin] 2mn = S[me+i] 2 me 0

Recalling (4.59), we can take

wmen|(2)7] -2

Since i* > i, from (4.60) we have iy = i*. By substituting it in
fl(x) = —ax [ln (2+ <z>)} +1In (1 + 2?|if?)

and using (4.61), we get

> iillei=b) < 2{6Xp [(2)] 3} . {mn{exp [(2) ] 2} 3}

Then

1

oo 10ee [ (2)].(£)

Clo) = 5c(2§) = 50exp [ 26> - ] : <fa5>7il. (4.68)

4.4 Projection

and

In this section we introduce the projection operator , which will play a fundamental role
in the KAM scheme developed in Section4.5| Since our ﬁnal goal is to construct a symplectic
map that conjugates the Hamiltonian in (4.4) to one admitting 77 as an invariant manifold, it
is necessary to distinguish the terms of H that preserve the invariance of 7y from those that do
not.

The idea is to decompose our Hamiltonian as a sum of regular terms with an increasing “order
of zero” at 7.

We start by giving the following definition:

Definition 4.4.1 (Space /. 1 s)
We a'eﬁne the Banach space

Hns =Hpps BR={H+c : HeH,p, cecR}
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endowed with the norm (4.34).
Analogously, we define the Banach space e%”r“;‘ls of families of Hamiltonians H (w) € J, p, s parametrized

by w € Q, endowed with the norm .
Remark 4.4.1 It is easy to see that all the theorems stated above for H work also for 7. Lemma
in particular.
By fixing
k<17 :=rr<r, and I=(I;);., such thac V1€ Bu(gs), (4.69)

we look for a direct sum decomposition of the space 7 j, 5 defined in of the form

Hns = A5 @) @), H=H?+H" y HZ?, (4.70)
Here, H® ¢ 7—[1{?,)%3 vanishes on 7y, and H(Z?) ¢ %’;(}%QS) has a zero of order at least 2 on 7j.

We then give the following definition:

Definition 4.4.2 (Projectors)
let us fix 1 € B,2(gh 2s), ' < . For every H p s and for I € T+ B(TQ_,,/z)(BTQ (Oh,25)) we define
the projection operator

0% Hps = Hhs d=29—2,¢>0

as
O2H(I, W) = HI, W)
(4.71)
M?72H(I, W) = ql!D;H(I, WIT-17  forg>1
where

4\ 56 s
DIH(I, W)[I -1 = (5> O H (I, W)[I - 1)°.
16]=q
For the case of family of regular Hamiltonians H (-) € A4 the definition of the projectors is analogue.

r,h,s’

Let us note that definition (4.71) is possible because, from Remark [4.2.3] we know that ev-
ety H € s, viewed as a function of the variables I and W, is analytic on the open ball

B, (gh,QS)'

The next result shows that the projectors (4.71) are indeed well-posed from H € H, p, s N Fiir
into itself:

Theorem 4.4.3 Let usﬁx ILkasin li p > 0, a positive measure set A C Q and let us consider
the quantity

1 2
— iz <kK<1
In k=2 f2
Cr 1=

2k2 if0</<52§%.



For every d = 2q — 2, q € N the operator defined in (4.71) is bounded

e : 2,

h,s %hs

Moreover the following holds:
(i) ¢ = 11° and Y = NI T1? for every d # d;

(ii) For every k. <1 we have

HHQQ 2H

5 K,2 q
— *
H*Ths S Ky (1 + /i2> kHHHrhs’ (472)

(iti) 120 2H =0,Vg< ¢ = 9202H =0 on Ty for0 < |a| + 8] < ¢;

(iv) If we define
‘=3,
j=—2
je2z

then, g'fH<d1F =TI<%“G = 0, we have

<ht®(p G} =0;

Proof: Let us prove (ii):
We have that, for a fixed ¢ > 0

e wow) = 3 (3ot w1
5€N?:
|5=q
= Y u-1n Y (?)Hm,ayblm“gW“Wb.
|6|=¢q mi=8,a,b

Now, having that
I-10"=% <5> (~)PIe =,
v

we get
) _
29 2H (I, W, W) Hp o, < >< > —D)leAlp=y prpepst,
=2 D D Huaw L)
|6|=q m=d,a,b v=<6

Hence

|H2q_2H|ﬁ*r h,s

| + - b _
S sup Z Z Z ( ) ( ) my, + mk2+ ax + bg) ’Hma,bum_’yz(h)(R*T)2(7++7 tatb—cy)

ke |6|=g mi=d,a,b y=<6

Now, thanks to (4.69) we have

I, < z™(kr,5)? = k22M(r, s)
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and then
"7 < g2ml=2high) (r, 8)2m727.

From , we get

’H2q_2H’n*r h,s

< Y Y S (T)(0)
REN | 51=g mi=b,a,b v<0
2Imi| (m*)zh\ (m} +my + a + by) H
2
<

0 2SS () () () e

|6]=g m3=d v<6

-2 2|m| A2\
= (K4) Z Z K 1+ ) |H|y h,s-

6]=g m=
In order to estimate (4.74), we use the following result:

Lemma 4.4.1 ([24], Lemma 4.1)

Z Z Ml < ed

|6|=q m=d
Using (4.75) in (4.74) get
2\ ¢
_ _ K
272 H| s < Ky 2 (1 + ,#) | H[MA

The Lipschitz estimate is analogous. .

The points (i), (i), (iv) follow, throught a direct computation, from [¢.71). O

The operators (4.71) induce the direct sum decomposition
d
%‘7}175 = ?%Sh),s

where
A = {H e Hp: I°H = H}.
Similarly for ,%’j,” ,’é.
Finally we define the projector
H>2q 2 = Jd — H<2q 2

for d = 2¢ — 2, ¢ € N, and the associated subspace
2D o )
PSS ar>d
This induces the decomposition considered in (4.70).

Thanks to what stated above, we can give the following definition:
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Definition 4.4.4 (Normal Form Hamiltonian)
An Hamiltonian of the form
N=D,+N

is in normal form at Ty, if N € A, rhs

We denote the affine sub-space ofnormalform Hamiltonians by N, b s (= N7 p.s(w, ).

4.4.1 Projectors and Sub-Spaces

For D,, defined in (#.43) and w € D5Y™ let us consider the ker and range of the operator
{D.,,, -}, respectively

Kxir = (Kyir(w)) = {H € Fir: H= ) Hm,o,ofm}

mEN?
(4.76)
Rkir = (Rkir(w)) = {H S fkir : H = Z Hmﬂ,bImWaV_Vb}.
m,a,b
a#b

Similarly to Chapterwe denote by I, , II,,, the associated projectors and we define the
sub-spaces of 7. p, s

%ﬂ’ilk ={H € Hps: U, H=H}, yfﬁk ={H € A ps: Ug,, H=H} (477)
By (4.34) we have
|HKkir ‘HRkirH|'r‘ h,s < |H|7‘,h,s' (478)

Since the projector I1¢ defined in (4 commute with I and TI%%ix, we can define

A {H € A p,s TP [ =TT, H = H} (4.79)
and similarly for ,%’;(hi Rir) L%';(Z fk“), %,;(;i Kuir)

)

. (0, ’C .
For the special case of %’; s ) we have the following:

Lemma 4.4.2 Every H € t%’jf,g’fk") has the form

H=Y"mj(I;-1), m=(my)jez: |Hlns=|m]w. (4.80)
JEZ

Moreover, if we define

= sup [|mloc + 4| Auwrmloo,

then (4.80) holds also for the Lipschitz norm || - Hr s
Proof: From (4.71) we have

MOMear = N " Hygo > myI™ % (I; = 1)
mEN? JEL
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IfTI%%kir I = H then we must have H,, o, = 0if (m, a,b) # (0,0,0), (e,0,0), j € Z, hence,
by defining
Hop0=— Z He;0,01;

JEZL
we get
H =Y Heoo(l; ~ 1))
JEZ
Defining H,, 0,0 =: m; we get the expression (4.80), moreover, recalling (4.34)
|H|r,h,s = SupZ|mj|z 2(ej—ex)
keNgeN
= sup 37607, B) lmy 2 (r, )26 8) = ]l
kGN]GN

The estimate for the Lischitz norm is analogue. O

Lemma 4.4.3 if H € A, _ then

2

hs S Ths (4.81)

Moreover, if k < \f’ we have

{aylis

OO m|" < mp, NS, < aE, ]

hs" rh,s rh,s — ThS‘

(4.82)

Proof: It follows by inequality of Theorem [4.4.3, together with (4.79) and O

Finally, we have the following

Lemma 4.4.4 For any F, G € ., 5 such that I=°G = 0 we have
M%{F,G} =0,

moreover, if II72F = 0 then
m°{F,G} = 0.

Finally, for any D,, defined in we have
{F,D,} = {F(d), D,}.
Proof: It follows directly from the definitions (4.22) and (4.71). O

4.5 KAM Scheme

The aim of this section is to prove Theorem
Before entering the technical part of the argument, we fix some notation:

Notations:
In what follows, we fix the set A and the parameter y in to be D7 ™ and ~, respectively

and we fix B
h; = [ln(2+|j|)] , T>2
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Accordingly, we omit the dependence on L7, DJY™ and h from the notation and write || - ||,..

instead of || - ||7,h ., s instead of,%” hs and g, instead of g, 5.

Moreover we write R, K, %”R and %”K in place of Ryir, Kxirs %’;72“;”, and %’j"%‘“;,

defined in (4.76) and (4.77 -

Finally, in view of Lemma for any H € jﬁ(g of the form (4.80), we write H € (>
and set || H ||oo = ||m]|c0-

4.5.1 Twisted-Conjugacy

Following the approach of [24], Theorem (1.2.9) will be proved using an abstract “twisted-

conjugacy” argument, in the spirit of Herman
let us fix 79, so > 0 and let us consider

p, o >0: 0<p<%0,0<a<1,0<r<r—°. (4.83)

2v2
We will prove

Theorem 4.5.1 For g, so, p, r,0 as in (4.83). There exists &, C > 0 such that:
for \ﬁ S Br(gso—i-a)a Ny € </%”0,00 and H € D, + %0,50) l/[

(1+ 6)35 <& with €:= 771||H = Nollrg,s0: O := ’771||Dw = Nollro,s0- (4.84)
then there exist:
1. a symplectic diffeomorphism W : By, p(8sy+o) — Bro(8so+0), close to the identity;

2. a unique counter term M = Y m; (I; — 1;), Lipschitz depending on w € DJY™ with
JEZ

Mo < Cy(1+ O)e; (4.85)

3. a Hamiltonian N € Ny _, s1o(L,w), such that

(M+H)oWU = N. (4.86)

The advantage of introducing such an abstract result is that the problem of proving the exis-
tence of an almost-periodic invariant torus can be split into two separate steps.

First, one derives a normal form result that does not rely on any non-degeneracy assumptions,
although it contains the most delicate analytical estimates (Lemma

Second, one shows that the counter-terms appearing in the normal form can be removed by
exploiting suitable internal or external parameters, namely

Vi) = My(w) +w; — 72 (4.87)
Proof of Theorem
Recalling (4.83), we fix
o :=2V2r, p:=rg—2r, 0 :=min{s,2}, op:=s—0 (4.88)
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and we choose I : (I;) ez such that VI € B, ,,). Forw € DJY™ we write (4.6) as

H=> (+V)j+1;)+F=Dy,+M+F,
JEN

where M = (m;) symmetric sequence such that
M=>m(I;-L), mj=j-w+V;, and F=F+)» I,
JEZ JEZ

We want to apply Theorem to H = Ny + P" and Ny = D,,, we then fix

€
Ey i = ———
8[/6[12,Ch (s0)

where sq is defined in (4.88) and C}, is the one in Theorem

For a sufficient small £, (4.37) together with (1.36) ensure us that condition (4.84) are verified,
since © = 0. Finally, by choosing V (w) such that equation (4.87) is verified we obtain that

(4.89)

HoWV =N.

Let us note moreover that V}(w) is Lipschitz in w, since M;(w) is so. O

4.5.2 Iterative Lemma

In this Subsection we prove Theorem The proof is based on a quadratic KAM scheme
(Theorem, which iteratively construct approximate solutions ¥,, of (4.86) by linearizing
the problem at each step and solving the associate homological equation More precisely
we apply the following iterative procedure:

Fix ro, so, p, , 0 as in (4.83) and consider the sequences {p,, }nen and {oy, }nen of the form:

3o

Py _ g o
Pn = Z2 " og 1= 3 Op = SRy n>1,0>1 (4.90)
where Ry = > 2%  n~".
Let us define then
Tntl = Tn — 20n, Sn+l ‘= Snp + 20,. (4.91)
Since - -
_P _g
Sh=t Y=
n=0 n=0
then
n
Tnel = T0— QZP]' =19 —p(1— 27" N g — p =t g
j=1
n
Sp+1l = 50+220j 804 0 =: S
j=1

Let us note moreover that, for every 1’ > 7o, 8’ < s

Vie B (a) "2 Vie By (g,) C Bra (a:) C Boo (5)
2v2 V2 V2
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and hence the projectors (4.71) are defined in the whole space .7 ». Moreover, by Lemma
we have, for every H € £, g with 1’ > ro, s’ < s

HH(o,zc)HH = 3| H]|,r.s.
[o.¢]

Let us consider an Hamiltonian of the form

Hy=D,+My+ Gy, Gpe %«0,50, My € ¢ (4.92)

where My is a counter term as in Theorem of free parameters and let us define

gg = 7_1 <HG(O”C)HOO + Hg(oyR)

o

7"0,50> ’ o= 7_1 HGZ2HTO,SO + €0,
(4.93)

70,50
we have the following:

Lemma 4.5.1 Let rg, sg, p, 7, 0 asin (4.83), Tn, Sn, Pn,On asin li 1i Hy, Gy, Mg as
in (4.92) and e, O as in (4.93). Finally, let /1 € B,(gs). There exists a constant € > 1 sufficiently
large such that, if

4
c0<(1+60) k2 K:= <rp0> sup et e X" (270 (4.94)

n

where

1 1
29 O\ 7—1 29 O\ 7—1
Q, = 4nIn(2) + 1 + 100 exp [(ORG”> ] : (OR‘”L> :
g g

then we can construct iteratively a sequence of generating functions S; = Si(_Q) + SZ.(O) € Hi—p,,

with Si(fz) € A, s +0, and a sequence of counter terms N; € (> such that the following holds for
n > 0:

Si+1

(1) For all i=0,...,n-1 and any sy > s' > s;41 the time-1 Hamiltonian flow ®g, generated by S;
satisﬁes

sup [Os, ()~ ul,, < p2 T (4.95)

UEBy, |1 (o)

Moreover
T, =g 0...0P5 (4.96)

is a well defined analytic map Brn(gsz) — Bro(gs,)for every so > s > s, with the bound

sup [T (u) — Uppoq ()] < p2727F2, (4.97)

u€Br,, (g,/)

(2) Wedefine Lo :=0and, fori=1,...,n

(Id + ,Cn) = 6{"5”71}(1(1 =+ ,Cnfl), Mn = Mn,1 — Mnfl, Hl = 6{"5"71}Hi,1,
(4.98)
where M;_; arefree parameters and L; : 1° — H,,.s; are linear operators. We have

Hi=Dy,+G;+ (Id+ L)M;, G; € Hy, s, (4.99)
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Setting, for fori =0,...,n

(i s W )
(4.100)
Q;: = ¢ HGZ.22 + €1,
we have
g < g X x= 2 (4.101)
On < Og» 277 (4.102)
§=0
and
1= Lac) Bl s, < Reol+00)27 [l
(4.103)
1Lahll,, 5 < Keo(l+60)Y 27|kl
j=1
Jor all h € £>°. Finally, the counter terms satisfy the estimate
HMi*luoo < 7K€i,1(1+@0), 1=1,...,n. (4104)

Proof: Throughout this lemma, constant terms in the Hamiltonians H; will be disregarded,
since they do not contribute to the semi-norm | - |, ;. Moreover, we adopt the notation a < b
to indicate that there exists a positive constant ¢, depending only on the fixed parameter 0,
such that a < ¢b.

First Step:
For n = 0 Theorem (4.5.1) is trivial since item (1) is empty and , for what concerns item (2),

(4.99) and (4.100) follow from (4.92) and (4.93).

n+1-Step:

We need to find a generating function S,, = 57(72) + 87(10) such that it’s time-1 Hamiltonian

flow @,, := e} in order to cancel out the non-quadratic terms which prevent the torus 7;
to be invariant for the Hamiltonian H,, 41 := el"S"} H,,

et I, = D, +el5(Id + Lo)M,, + Gy + { Do + G52, S}
+ G0 Su} + (e85 —1a = {80} ) (Do + Gin).
By keeping in mind (4.98) we have that
St = D+ (Id + Ly41) My

My, + G +{Du + G52, S0}
LMy +{G50, S} + (05 —Td — {-,8,}) (Do + Ga).
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We moreover have that

M, + G, +{D, + G=%,S,}

1= (M,, + Gy, + Doy, + GZ2, 5, })
+112% (My, + Gy, + {D,, + GZ%,5,})

= II=° (M, + Gy, + {D., + GZ%,S,.})
+G22 +112%{G=2, 5, }

= II=° ((Id + £,)M,, + Gy + {Do, + G2, S, })
+II=0 ((Lg1 — Lo)My,) — 1150 (£, 11 M,,)
+G22 + 122{G22, S,.}.

Let us note that (L, 41 — £,,)M,, is quadratic in S, G=°. Hence we can write

S, = Dy4 (1d+ Lpp1) Mg
+ 50 ((1d + Lo)My, + G + { Do + G22,5,})
+ G224+ 122{G22,8,} + 122L, M, + {G=°,S,,}
+ 0 (Logr — La)My,) + (e{"S"} 1|, sn}) Gy

v (e{"S"} -, Sn}) D.. (4.105)
We want to eliminate IIS0 (M, + G, + {Ss, Do, + GZ2}) up to terms in H(=2X), in other
words we have to impose

=0 ((Id + £,)M,, + G, + {Doy + G2%,5,}) = GL20), (4.106)

If we project equation in the sub-spaces H~2, H(OX) (= ¢), HOR) keeping in mind
that

n1-2{D,,S,} =1>RD,,S,} = {D,,S{?} and TON{D,,S,}={D,,S"M} =0,

we have
GC2R) L T2 R L M, + {Dw, 57(1—2)} =0; (4.107)
GO+ (1 + T £,) M, + TTOR {672 5721 — 0, (4.108)

G + IO LMy + (D, SO} + TOR {622 50, =00 (4.109)
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Existence of S, M,, and relative bounds

By solving (4.107) we have

G(=2) _ -1 (G%—z,n) n H—Q’RﬁnMn) , (4.110)

n w

Using (4.110) in (4.108) we get

(Id + T1°% £, ) M,, = —GN) — 1100 {GgQ, Lo (Gg—lR) + H—QchnMn) } . (4111)
Now, by defining
Ap 0 50, Aph:=T%L,h + IO 1G22 TT2RL (L,0)}
equation become
(Id + Ap) M, = —G{) — 1106) {G?L?, L (G;—m)) } . (4.112)

w

In order to invert the operator (Id + A,,) we need to estimate the operatorial norm of 4,,. To
this purpose we have the following:

Lemma 4.5.2 For every h € (>,
1
4 bl < 21l
Proof:
From (4.94), choosing suitably €, we have

1
3Kep(1 4+ ©p) < T

hence, using (4.82) and (4.103)
n

; 1
0,K —
IIT%™ Lo h|loo < 3Keo(1 4+ Og) g 1 277 ||h]loo < ZHhHOO,
]:

For the second term of A,, we have, let us note that, with a suitable choice of €, from (4.94)
it follows

1
288eC (7K (1 + ©g)Og < 5 (4.113)
Using (4.113), together with (4.82), (4.3.2) and (4.23), we have
(4.82)
HH(OJC) (G22I 2RI (L,h)) H ? 3I{IT>RL; (Lah) . G2 |,
00 5 S TOn
< A RIS L), L, 1GR
(4.82),(4.100)
= 247@” HLJl (ﬁnh) Hrn Sn+on
(4.3.2)
< 720, || Lahl,, .
< 144e“Re0O0(1 + ©0) > 277l oo

Jj=1

59, @)

I

1
—|7||co-
Sl

Tn,Sn+0on



O
Thanks to Lemma (4.5.2), the operator (Id+ < M,,) is invertible with the bound
H(Id + A, hH < 2| | oo (4.114)
Finally, solving (4.112), we have

M, = (1d + A,) 7 [-600 - 00 [622, 151 (6(2R) 1],

hence

Ml = 26| +2|n@o {arz gt (62 |

o0

< 26| {622 L (62R)

.
Tn7sn+0'n

< 2y, +48 HL;l (G;—ZR))

Gzl

Tn,S (oF
Tn,Sn+on nSnton

< 2yen + 144y~ L) |G=2||

Tn,Sn

‘G7(;2,72)

Tnysn
< 2ve, + 144’)’60(0")€n@n

< 288~ve,eC(7) (1 + @)

K(14 O0)ven, (4.115)

where we used that 288+¢,e€(“n) < K for a suitable choice of ¢ in (4.94). For what concerns

the term Sé_Z) defined in (4.110), we have

[« s (e )i, )
37700 (12 + IR LML)
'l‘ 3y ~1C(on) (ven + Keo(1 + O9) ||MnHoo)
3ene) (1 + ok (1 + ©9)?)
@ 6o, cClom). (4.116)

Finally, solving (4.109) we get an explicit expression for S,(f’):

SO — -1 (_Ggo,m %Kz M, — TIOR) {G,%Z, Sﬁf”}) 7
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from which we derive

(4.3.2)
<

S5 + 105 LMy |

3y~ 1C(on) ( HG%O,R)

i HH(O,R) {G%Q7 57(1—2) }

Tn—Pn,Sn+1

Tn—pPn,Sn+0n )

Em
< 37*160("") ('ysn + 37veng0K3(1 + O9)?

247 |52
Pn

n

lez2l

Tn,Sn+on

Tn,Sn+0n )

)
< 37_160("") <’yen + 375n€0K2(1 + @0)2 + 144T—n’y®nsnec(an)

n

.

Pn

where we used, from (4.91), that

Ty — T T
1< =P 70 Tognt2

Pn Pn P

Putting together (4.117) and (4.116) we obtain

1Sally, sy < 338f5n2n+2620(an) (1+ ©p)
n mnHy°on p
)
T 3381 2mt2e e X" H12000n) (1 4 Q). (4.118)
P

Remark 4.5.1 By looking at the definition of o, in (4.90) and the definition of C of Lemma (4.3.2)
for the logarithmic weight in (4.68) we have that

1 1
0 T—1 0 T—1
Clon) = 50exp [(220]—2971 > ] . <220R9n )
g

g

then, the last part of (4.118) can be rewritten as:
3387 2nH2-eX"+120(0n) (1 4 @)
p
= 212338¢4 (14 Qp) L9-2n-10 exp [3nIn(2) — x" + 1+ 2C(0y)
p

— 2123380 (1 + ©p) L272n"10Zn X"
P

where

1 1
29 O\ 7—1 29 O\ 7—-1
=, — 3nIn(2) + 1+ 100exp KOR) ] (et (4.119
(o

g

and so

n

15l < 2123382 (1 + ©) L2720 106Zn X", (4.120)
P

Tn—Pn,Sn+1
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Let us moreover that, for 7 > 2, depending on 6 we have

sup(=Z, — x") < +o0.

n

(from (4.119) also follows that sup,,(Z,, — x™) > 1), hence, from (4.94), for a suitable €, it follows

212338 Zne X" < /K (4.121)
p

Thanks to the last remark we then have

[ 272 1050(1 + ©9) VK. (4.122)
The maps &g, and ¥ ,:
Let us note that
Pn —n—1s _Pn_g-n-1_ _P g-2n-25 Po-2n-10
Tn — Pn e ~ rolbe rolbe A
16 16 16

and that, thanks to (4.121) (and hence (4.94)), we have

o(1+Op)VE < (14+0)2k3 < §

then, using (4.122) we have

P o5—2n-10 Pn —n—1
S. < =2 < 2 . 4.123
H nHrn—pn,sn_H — 0 — (rn _pn)16e ( )
Finally, applying Proposition (4.2.2) with
T Tyl = Tp — 20, P~ Pn,

we get that the hypotheses (4.26) are satisfied and so the time 1-Hamiltonian flow of S, is a
well defined map ) ) )

¢Sn : Brn+1 (gsl) — Brn_pn (gsl) C Brn (4'124)
for every s’ > s,41.
Moreover, thanks to (4.27) and (4.123) we have that

_sup ”(I)Sn (u) — quS, < (rn— pn)HSn”rnfpn,an
uEBrnJrl (gs/)

P —
< I Pnp272n710 < p272n710
70

and so holds for i = n.
Finally implies

| Hnt1 H7'n+1;5/ = ”e{.’Sn}Hn

! S 2HH7'LH7"n*Pn73/ VS/ Z Sn+1

H'f‘n+175

and so H,,+1 is well-defined and majorant-analytic in the ball B, ., (gs).

147



For what concerns (4.97), thanks to (4.124), we have that U, is well-defined B, (gs) —

Byy—po(9s) for every so > s’ > s,,41, moreover, by defining
up = (1 —t)u + tP@g, (u), t € [0,1]

for u € B,,,_,, (gs) we have
1
s ) = W) = U (B, () = Vo) = [ Walu) 05, () =] (2129

In order to get (4.97) we define, for the sake of simplicity, the following norms:

| - |r, = _sup | - ”gsm | loprn == _Sup | - H0pv Qg, 1= Dy,
Brp(9) Brp (9,7)

where op := op(gs — gs)-
We then have

1
W1 — Uyl . < / Csup || dt|®@, —1d],
0 Brn+1(gs/)

1
< /0 T7 | —p, A1 P = 1],
Now, since
U (u) =@y (Pro...0P, 1(u) - @) (Pao...0P, 1(u)) ... P _;(u)
and using , we get
| ;L’op,rn—pn = sup @) (P1o...0Pp_1(u)) P (Pro...0Pp 1(u)) ... %_1(u)|op

Brn—Pn (gs’)

IN

n—1

/
H ‘(I)j ‘Op:Tj—O—l—Pj-&-l
7=0

IN
Y
—_

&

3

+

—_
N———

i=0 Pj+1
fro5) n—l
< 277" +1)
j=0
< 2

Hence,

{.99)
’\I/n—&-l(u) - \I/n(u)‘mﬂ < 2|(I)Sn - Id’%ﬂ < p2_2n_6-

This proves (4.97).

Bound on L, 11 — Ly:

Since
Lot — L = (e{"s"} - Id) o (Ly +1d),

using (4.103) we get

1(Cn 4TV R,y < 1(En+ TR, < 20l (4.120)
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Hence, by applying Proposition with 7~ r41 and p ~ py,

1ot = L) bl < (05 1) 0 (£, + Ta)

429 16e(ry — pn)

Tn4+1,5n+1

2 ; 1S0ll— sy 1L IR,
n
To
< 32— Sl pnisnes I1lloo
Pn
r
2 ezozfnflao(w@o)ﬁllhlloo
< 2 ey(1 4 Op)K| Ao, (4.127)

where we used that e™® < /K.
p
We have that (4.127) proves the first inequality in (4.103), the second follows from the first.

<0 >2
Bounds on G;; and G7;:

By (4.105) and (4.106) we have that

Gup1 = G20+ G+ PG, S0} + T2 L0 My, + {G10, S0}
FI=0 (Lagr = La)My) + (050 —1d = {S,,}) G

+ (e{"S”} - { sn}) D
= G{2N 4G22+ 22{G22, 8, ) + T22L0 M, + {G0, S0}

+H§0 ((ﬁn—i—l - Ln)Mn) + (e{',Sn} —1Id — {‘7 Sn}) G

dS
+Z (dS)"™ sy,
=2

Recalling (4.106) we have

HSO{Dwa Sn} = {DO.M Sn} =
—1=0(1d + £,)M,, — G=0 —T1=°{GZ2, S, } + G20,

Since ad"S,, (G( > ’C)) = 0 for every h > 1, we can conclude that

Gni1 = G20 4G22+ 122G, 8, ) + 122L, M, + {G0, S, }

+H§0 ((ﬁn—i—l - En)Mn) + (e{.’sn} —1Id — {‘7 S"}> G

Z adS (HSO(Id + LM, + G0+ TI={ G2, Sn}>.
h=2

Let us write
Gpy1 = G 1+ G=2 T
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where
0 = MG, + G2P) .128)
GZ = G IPHGR S} + 2L, My + 17 (b5} —1d = {-,5,} ) G )
and

Gn+1,* = {GE()? Sn} + HSO ((LnJrl - ‘Cn)Mn) + (e{'>sn} —ld- {" Sn}) Gn

(o) h—1
- > MS;;) (I=0(Id + £,)M,, + G50 + II5{GZ2, S, })
h=2 '

are the terms in G,,41 that are quadratic in &, ~ S,, ~ G=°.
Let us start by giving a bound on G414

(Cornl (VRN Y R | LR (V) v B ]|

e -n s

Tn4+1,Sn4+1  — b

Tn4+1,Sn+1

00 h—1
S OO (0(1a 4 £m, + 650+ 12632, 5,
h=2 '

Tn+1:5n+1

H{G’%O’ Sn}” = 8 max {1’ TZ+1 } HS””?"n—,075n+1 HG’%O”Tn*PvSn+1

Tn+1,Sn+1 n

el (4.129)

'n—pP,Sn+1 H

Tn—pP,Sn+1

r
< 8|S
Pn

: ;
00 ((£air — £0M,)| < 4 - LM

Tn+1,Sn+1
{#.98), (+.125) T
< 128¢—2 ||S, |
Pn

Tn4+1,5n+1

HMnHo<(4'13O)

Tn—Pn,Sn+1

[ (et5F —1d— {,5,}) Ga

rn—pn\’ 2
D g (pp> (ISl —prsnss) |Gl pm s

Trnt1,5n+1 n
(4.131)
(4.132)
2
r 2
< 125 (%) U Gl
Pn
[o.¢]
ds h—1 _
S OO (10 4 £,M, + G50+ 120S,, 67
Pt ! Tn+41,5n+1
16e(ry, — Vi
S MHSHHTn*PnySnJrI HHSO(Id + ﬁn)Mn + GEO + HSO{G%Q’ Sn}”rn—pn,SnJrl
n
’

g 166 0 ||Sn||7'n7pn75n+1 HHSO(Id + ETL)MTL + Ggo + HSO{G%Q’ Sn}HTn_Pn75n+1
n

Pn
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By noting that II=%{G=2, S,,} = {GZ2, S5}, we have

|m=0a + LM, + GF0 + {672 802}

Tn—Pn,Sn+1

< LM, HGSOHM_%M Fleseny|
(4.82),(4.120) <0 - _
S SIM G OS]
. 70 | (-
= S+ G, 8 S IGR
Then
H (adi') (H<0(1d + Lo)M,, + G50+ 154G, Sn}) (4.133)
—= : Tn41,5n+1
T - r _
S 1288/)7:”Sn||7’n_l)n75n+1 <HMnHoo + “GEO“TH_pn,Sn+1 70 ‘ ST(l 2) TrSnad HG;2HT”,Sn+1> :
Putting together (4.129), (4.130), (4.131) and (4.133) we get
||Gn+17*”7‘n+1,sn+1 = 12862% ||Sn||7’n—P:5n+1 (2 HGTSLOHrnfp,Sn-H +2[|Malloc (4.134)
T r _
Sl |Gl + 2 [SE2] L 1GR,):

Then, from (4.120), (4.100), (4.115) and (4.134) it follows that

3
To I — I
|‘Gn+1,*||rn+17sn+1 <7z (,0) K(l + 60)2605712 Ne=ne= X"

Finally, using (4.94), (4.82), (4.128), (4.101) we get

0%
En+1 - '7 (HGn—i-l Hrn+175n+1 =+ ||Gn+1 H"‘n+175n+1 + HG7(1+1)||T’n+178n+1)

N < > 1 + @0) €0€n2_n65"€_xn

(4.101) n _ n
5 < > 1+@0) 6 —X"+1lg=n En =X
= K(1 _|_@O)2 2 —X”+1+1 [Q—n Eno—x"(2— X)]

(4.94) 5 2 9 _yntliq
S K14 0g)%cge X
S 5\Oe_X +1+17

that is (4.101).
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For what concerns (4.102), we have

(4.100)

o=, T | a6, e e
< 4t <HG§-2H ot HGiQHTT“Sn) + Ent1 — En
(4.128) B
< 4Gz, S”}Hrn+1,8n+1 + -1 HHZQ%HMHHTHH,SHH
7 HHZQ ((e{-,sn} —ld—{, Sn}) G”) +Ent1-
Tn+1,Sn+1

By taking the constant € in (4.94) sufficiently large and carrying out computations analogous
to those above, we prove

[I={GE2, Sn | + [[TZ2 L5 1M |

Tn4+1,5n+1 Tn4+1,5n+1
e (e s
Tn+1,Sn+1
< 4027
From this, it follows
Lo
Oni1=0n + 602" < 69y 27,
j=0

that corresponds to (4.102) for the case n + 1.

a

From lemma [4.5.1] it follows:

Corollary 4.5.1 The map U := lim,_ o0 ¥y, is well-defined from B, _(gs..) to Broty(8s..)-
Moreover the sequence My, is summable and the sequence L, converges to an operator L : (> —

y 4

TooySoo

Proof: It follows directly from (4.97), (4.103), and (4.104). O

Now we can prove Theoremm

Proof of Theorem
Recalling K defined in (4.94), we fix

g:=2"%k,  (C:=2"k (4.135)
For H € D, + 7, 5, of the form H = D,, + Gy, let us consider the Hamiltonian
Ho := H +Mqg = D, + Go + My, (4.136)
with mg € ¢*/%. Finally, for Ny € A7, s, let us define
G:=H— Ny=Go— (No— D).

By (4.84) we have

|G lro,50 = V€S (4.137)
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: >2
moreover, since N, € D, + 5% , we have

G5" =1=(Ng — D, + G) = G=".

Then, using (4.81), we get

—2 0,K 0,R
1662 =G G868 <31G,,
70,50 oo 70,50
that, together with (4.137), yields to
go := (HGSQ) + HGéO’K)H + HGSO’R) ) < Te.
70,50 o0 T0,50
Finally, since
5= (No— D,)>* + G2,
we also have that
.65

00:=77]|G5%| He0 = 477N INo = Dullroso + IGlnuse) F20 - = 40+ 11e.

70,50

Using &, C as in (4.135) we have that

Y e
60(1 +®0)2K2 < 1.

The hypotheses (4.94) of Lemma are satisfied. Hence, from Lemma together with
Corollary we have that

Hyo® =D, + Go + (Id + £) (MO—ZMl) .
i=0
where ¥ = lim,cy ¥,, and ¥,, is defined in (4.96).
Now, setting M := My = > ;2 M; and recalling (4.136), we have
(H+M)o¥ =D, +Gsx =: N.

Using (4.101) together with (4.100) we have that GZ? = 0. Hence N € .47, ,.
Finally inequality (4.85) come from the choice of C in (4.135) together with (4.104). O

4.6 Lower Regularity: Non-Maximal Tori
The purpose of this section is to prove Theorem Followihe strategy introduced in
(4.1

[25]], we fix a subset of tangential sites in Z and restrict equation (4.1) to the space of functions
whose Fourier support is contained in this set.

The key idea is that a suitable choice of the tangential sites makes it possible to impose very
strong Diophantine conditions, while at the same time allowing for lower regularity of the
solutions.

As a consequence, however, the resulting solutions are no longer supported on maximal tori.

m

Sy
o . . D .
Similar to the previous Chapter we consider the space ,%”th; with

hy =2+ |j)7, 7> 2 (4.138)
We then omit the dependence on ~, D?,ym and h from the notation and write || - || 5 in place
Sym Sym
of || - | :’2”8 , /s instead of %Dg . and g, instead of g, 5.
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4.6.1 Invariant Subsets

Let us consider the Hamiltonian

H= Zg+v )+ F(HMJFP%) (4.139)
JEN

associated with equation (4.1), where Hg o, Py are defined in (4.5).
Let S C N be an arbitrary subset of N and consider the subspace

g5 == {u=(uj)jez € g5 : up=0forall|k| ¢ S}.

Arguing in complete analogy with Lemma we obtain the following result for the ele-
ments of J7 4:

Lemma 4.6.1 Let H € jﬂs,ﬁ)r any set S C N, the subspace gf is invariant under theﬂow ofH.

We refer to S as the set of tangential sites.

In the light of Lemmawe define the subspace
A, ={H e A, Hy=H}
of the Hamiltonians in 7%, s depending only on the variables g5

In particular, for H in (4.139), we have

Hy=) (G+V)U+15)+ F(H&;2+P%)
JjeS

where

Pg = ij(Wj+W]~), HE, = Zb Ty,
jES JjeS

We have the following

Lemma 4.6.2 The Poisson brackets defined in , the operator L, defined in 6) and the
projectors a'eﬁnea' in (4 , are well-posed when resmcted to H‘S

Proof: It follows from the definitions (4.46), (4.71) and from the relations (3.14). O

In particular, every result stated above for the space H, s holds when restricted to elements of
HS .

Remark 4.6.1 Lemma implies that, for any subset S C N and for any V1 € B,.()gS) satisfying

the assumptions of Theorem 9 there exist a potential
V = (Vs, Vse),

and a symplectic change of variables ® such that the torus Ty is a KAM torus for the Hamiltonian
H o ®. Here

Vs = (Vi)jjles,  Vse = (Vi)jjigs-
Moreover, the compatibility equation (4.87) depends only on Vs, and not on the full potential V.
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4.6.2 Lower Regularity

let us consider the space

Wp 1= {u = (uj)jeZ € 52(6) : |U’p = Z ’u3‘<3>p < OO}
JEZ

where () = max{1, |j|}.
Similarly to the previous subsection, for a subset S C N we define

wf = {u = (uj)]EZ € wg Uj; = 0 for all |]| ¢ S} .

Similarly to Lemma , also wg is invariant for the dynamics of H in (4.139).

For h defined as in (4.138) let us consider the function
s:N—=S, s(i)=|eM] (4.140)
where |-] is the floor function. Let us consider moreover its inverse i(s) an the associate set
S ={s(i), ieN}. (4.141)

Finally, by defining
{” — ) (4.142)

Vi = U_s(3)

we have the following identification

wg o {vel™: blelpsp(| i|)|v;] < oo}
(2

Let us note moreover that the right-hand space is equivalent to the space gp,.
Let us write the hypercube QSym — ngm X Qgi'm, where
QY™ = {we Q%™ : w; =0ifj| ¢ S}

and let us consider the following Diophantine conditions:

Dys = {w € stm lw - €] >~ H , Ve Z?f, supp(¢) C S} . (4.143)

(14 1€ |2 5))%)?

The aim of this Subsection is to prove that for every choice of w € D., s and for any VI €
B,.(w3), with r satisfying similar smallness assumptions of Theorem|1.2.9} there exists a sym-
plectic map ® and a potential V, such that 7y is a KAM torus for H o ®.

In the variables v defined in (4.142), the Hamiltonian (4.139) restricted to S, has the form

Hg:=Hj, = (s(i) + Vi))(ZTi + L) + P, (4.144)
€N

where

1 _

1€N
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and Ij = |Uj|2 and W, = VjU—j.
Let us observe that (4.144) has the same form of (4.139), with Vs = (V,(;))ien in place of
V = (Vi)ien, with {by; }ien instead of {b;}ien. The only structural difference is that the

quadratic part >, 4(L; + I_;) is replaced with
> s(i)(Ti +Is). (4.145)

i€EN
It is trivial that if P inherits the regularity of F, in particular, Theorem holds and we
have that P € 77, for a suitable r.
From this it follows that all the results stated previously in this Chapter can be directly applied
to Hgs with the only exception of Lemma or which the situation is more delicate.

If we fix the hypercube
. 1
QY™ = {w = (wi)iez € R” : sup |w; — [s(i)|| < 3 Wi = w—i}
A
then condition (4.143), in the variables v can be written as

_ Sym | 1 N
DW,S—{Wést : |w-f’>’7HW,V€EZJ£},
€N

that are essentially the same as (#.45) but in the hypercube Q3™ instead of QS¥™.
Let us observe that one can easily adapt the proof of Lemma to our case by substituting

the condition
S 102 \ai — bi‘,
€N

S (as — b)ls(0)]

€N

in place of (4.50).
By doing so we get (4.51) also in our. Finally, arguing as in the proof of Lemma we get

same bound
LG Fllrpro < 37 eSO ||y
for every w € D, s, where C(0) is defined in (4.68).
In fact, the superlinear growth of the eigenvalues of the quadratic part simplifies the
proofs of Lemmas4.3.3Jand[4.3.2] and could be exploited to obtain a better constant C(o) than

the one derived here. However, this refinement is not needed for our purposes.

We can conclude that Theorem holds also for (4.144).

Proof of Theorem
For r > 0 satisfying the hypotheses of Theorem le us fix Is € B,.(wS).

If we denote by Zs the sequence corresponding to Is in the variables (4.142), we have /Zs €

B (gp)-
It follows that a direct application of Theorem on Hg allows to choose a potential Vs and

to construct a symplectic map ®s : B, (gp) — Bar(gp) such that
Tzs = {v = (vj)jen ¢ |vj]* = Z;}
is a KAM torus for Hg o ®g.
By extending the map ®s to a map B, (w;f) — By, (wp) and defining @ : Bo,(wp,) — Bay(wp)
such that

= 18s@l if|jles
ek {uj if || ¢ S,

we have. in conclusion, that 7y is a KAM torus for H o @ . [J
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Appendix A

A.1 Existence Results

In this Section we collect some of the main results concerning the existence of solutions to
equation

2
1
O — Au=0, ceR. Al
" <1+chn]Vu|2dx) A1)

We begin with a local well-posedness theorem that has been proved, under different assump-
tions, by various authors. Although these results concern more general forms of Kirchhoft-

type equations, we state them here in the specific case of (A.1).

Theorem A.1.1 ( Local Well-Posedness, [1], [48], [81])
Let us fix s > 3/2. For any pair of initial data (u(0), u;(0)) € H*(T™,R) x H*~1(T", R) equation
admits a unique solution

u € C°([0,T], H*(T™,R)) n C([0,T], H*~*(T"™, R)),
with T ~ ([[u(0)|l3/2 + Hv(0)||1/2)_2-

Equation (A.1) in one of the few example of Kirchhoff-type equation for wich we can
obtain global existence of solutions. This strong result can be achieved thanks to the work of
S. I. Pokhozhaev, which proved in [82] and [80], that equation admits a second-order

conservation law:

Theorem A.1.2 (Second Order Conservation Law, [80] )

Let us a'eﬁne
a(u) :== '1 +c/ \Vul?|, (A.2)
Tn
the quantity
1 2
K(u) := a(u) (V| da + / (Au)?dz — ¢ ( Vus - Vu dm) (A.3)
Tn a(u) n T
is conservea'for the solutions of , namely, lf
u e C°((0,7], H*(T",R)) N C*([0, 7], H'(T", R))
is a solution, then
dK(CZ(t)) =0, Vtelo,T]. (A.4)
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Remark A.1.1 (Second order identity for general Kirchhoff-type equations)
The conservation law (A.4) is a consequence of the following second order identity:
For s > 2, let us consider a solution

ue C(0,T), H(T",R))nC* ([0,T], H*'(T",R))
of the equation
Opu — f(/ |Vu|? d:r> Au =0, (A.5)
Tn
with £ : [0, +00) — R such that

f e C?([0,+00)), f(y)>0,Vye][0,+0c0).

Ki(u) = Jpn |VOul* da ) N \/f( i |Vu]2d:v> /H(Au)2d1:

\/f (an Vul? dz

1 F (an IVul? d:z)
253 (S [V d)

+

2
( Vo - Vudm)
']I‘n

then one has

dK;(u(t)) _ ( £ (fon [Vl dz) ) ( Vo - Vu dxf’. (A.6)
.

dt £3 (an |Vu]2da:>

In order for K to be conserved we then have to find £ such that

£'y) /:0. A7
(f%)) (A7)

By solving the initial value problem we get the special non-linearity n .

Remark A.1.2 The functional K defined in (A.3) controls the H*-norm of w and the H'-norm of
Ut.
In fact, there exists a constant K(T') depending on w(0) and quadratically on T, such that

lull2 + |luell <K (T), Vte€[0,T]. (A.8)

Moreover, 1f the constant c in 1} is negative, the bound is also uniform in time, namely, there
exists a positive constant Ko(u(0)) depending on u(0), such that

[ull2 + [luells < Ka(u(0)), vt e0,T]. (A.9)
In fact:
s Ife<o:
recalling the expression of a(u), one has
(A4 1
Ko)&K > o [ (e > (A.10)
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Using (A.10) we have

lullf < K (u(0)), (A.11)

we then have

K(u(0)) = K(u)
u)/ Vi |* da
Tn
(A.2)
2, c/ IVl / IV 2
Tn Tn

z(1—|c|||u||%\ / Vi
‘1— | (u / Vg |2

= 1= [el K (u(0) 3

from which itfollows
e < — 2O (A12)
1= [l (u(0))]
Using together with we get for
Ka(u(0)) = K (u(0)) 0 (A.13)
1= [l (u(0))]

whenever the right-hand-side is well-deﬁned.

s Ife>0:
we have that

2
> a(u)/ |V |* do — ¢ < Vuy - Vud:c>
T T
(A.2) 2
' 2 2 2
> / |Vl dl‘—l—C/ |Vl d:r/ |Vu| d:c—c( Vut~Vudx)

> / |V |? da
Tn

= [l
(A.14)

where the last line follows from the Cauchy-Schwartz (C-S) inequality.
d

Moreover, thanks to (A.14), we have

da(u)
dt

2¢|ug |1 [|ullx

< 2c

§

ML)

< CHUtH\/
< 2ev/a(u)/K
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[from which it follows
a(u(t)) < a(u(0)) + 2K (u(0)) (A.15)

Finally, from one has

hence
/ (Aw)2dz < K (u(0))a(u)
Using together with we get (A.8).
By using Theorems (A.1.1) and (A.1.2) together with Remark (A.1.2), we have:

Theorem A.1.3 (Global Well-Posedness, [80] )
There exists g > 0 such that for every s > 2 and every initial data (ug,v9) € H*(T", R) x
H3~Y(T™, R) such that

(A.15)
? K (u(0)) (a(u(0)) + A2 K (u(0))) . (A.16)

€ == |luolls + [lvolls—1 < €0,
equation (A.1) admits a unique solution

u e C°([0,T], H(T",R)) n CL([0, T], H*~1(T", R)),
for every T' > 0.

Proof: Let us consider two cases: if ¢ > 0, the non-linearity in equation is well-defined
for every values of u. Moreover, the bound allows to extend the local existence result of
Theorem to all time intervals, for the case s = 2.

Concerning the case of higher regularity Sobolev spaces H* x H*~!, with s > 2:

if u solves Qh, then w is also a solution of the linear wave equation

uy — a(t)Au =0, (A.17)
with time-dependent coefhicient

b(t) = !

(1+ ¢ fpn [Vul dx)Q.

(A.18)

Since the problem is well-posed for all time scales we have that the term b(¢) is always well-
defined, moreover the existence of solutions for equation for all times, is ensured by the
general theory of linear hyperbolic equations (see, for instance, [49]).

If we now consider the function v := A%u with A = /=A and s > 0, since b(t) is only
time-depending, v is again a solution of (A.17).

Finally, noting that ||v||2 = ||ul/s+2, we can conclude for ¢ > 0.

If ¢ < 0 we have to ensure that the non-linearity is well defined. To achieve that, one
must impose

L4c [ |Vu(t)de=1+c|u)|i#0, Vt>D0. (A.19)
Tn
Using (A.9), we have that (A.19) is verified if u(0) satisfies the condition
1
Ka(u(0)) < -

where Ko (u(0)) is defined on (A.13).

The proof then follows by reasoning as in the case ¢ > 0. O
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